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TONS HOP BAT dAnG THLfC VA CUC TRI 

I.cAc BAT dAnG THUC THUONG DUQC SU DUNG 


® Bat dang thuc Cauchy (AM - GM) 

• V a, b > 0, thi: \a + b>2\fab\ . Dau " = " xay ra khi va chi khi: a = h. 

• V a, b, c > 0, thi: \a + b+ c>3.Zja.b.c \ . Dau " =" xay ra khi va chi khi: a = b = c. 

Nhieu trucmg hop danh gia'dang: \fab = <=> a.b < j va a.b.c < |~ a + ^ + c j . 

© Bat dang thuc Cauchy - Schwarz (Bunhiaxcopki) 

• V a, b, x, y e R, thi: \(a.x + b.y) 2 <(a 2 + b 2 )(x 2 + y 2 ) |. Dau " = " xay ra khi va chi khi: — = — • 

x y 


• M a, b, c, x,y,ZG M, thi: | ( a.x + b.y + c.zf < {a 2 + b 2 + c 2 ){x 2 + y 2 + z 2 ) | . 

Dau " = " xay ra khi va chi khi: — = — = — • 
x y z 

Nhieu trucmg hop danh gia' dang: | a.x + b.y\ < a 2 + b 2 )(x 2 +y 2 ). 

He qua 7 . Neu a, b, c la cac so' thuc va x, y, z la cac so' duong thi: 


a 2 b 2 (a + b) 2 


a 2 : b 2 { c 2 ^ (a + b + c) 2 

7 + 7 W 


x + y + z~ x + y + z 


: bat dang thuc cong mail so. 


® Bat dang thuc ve'cto 

Xet cac vecto: u = (a;b), v = (x;y). Ta luon co': u + W > \u + v\ 


<=> | yla 2 +b 2 + Jx 2 + y 2 > ^j(a + x) 2 +(b + yf | . Dau " =" xay ra khi va chi khi u va v cimg hudng. 
® Mot so'bie'n doi hang dang thuc thutfng gap 

x 3 +y 3 =(x + y) 3 -3xy(x + y). • x 2 +y 2 +z 2 =(x + y + z) 2 -2(xy + yz + zx). 

x 3 +y 3 +z 3 =(x + y + z) 3 -3(x + y)(y + z)(z + x). 
x 3 +y 3 +z 3 =3xi/z + (x + y + z)[x 2 +y 2 +z 2 -(xy + yz + zx) J. 

(i a -b)(b- c)(c -a) = ab 2 + be 2 + ca 2 ~{a 2 b + b 2 c + c 2 a). 

(i a + b)(b + c)(c + a) = (a + b + c)(ab + bc + ca) - abc. 

, , ,2 „ s2 , .T / 2 i 2 2 , , s 2(fl 3 + fc 3 + C 3 ) - 6ttbC 

(i a - b) +(b- c) +(c- ay = 2 {a 2 +b 2 + c 2 - ab -be - ca) = — - - - 

a + b + c 

(a - b) 3 +(b- c) 3 + (c - a) 3 = 3 (a - b)(b - c)(c - a). 

. 2 )2 . _ , 2a+ p. ,, 2 2a-p. ,, 2 , , (a-b) 2 -(a 2 +b 2 ) 

a .(a +b ) + fi.ab = —(a + b) + —^-2-(a-b) va ab = - - - —^- -■ 

) Mot so'da'nh gia'co bah va bat dang thuc phu 

Cac danh gia co ban thuong duqc sir dung(khong can chimg minh lai) 

a. V X} y; z > 0 — suym > x 2 +y 2 +z 2 >xy + yz + zx. 
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b. Vx; y; z > 0 suym > (x + y)(y + z)(z + x) > 8xyz. 

c. V x; y; ze! — suyra > 3(x 2 + y 2 + z 2 ) >(x + y + z) 2 . 

d. V x; y; z > 0 — s,<yra > (x + y + z)(x 2 + y 2 + z 2 ) > 3(x 2 y + y 2 z + z 2 x). 

e. V x; y; z>0 s “ yra > (x + y + z) 2 >3(xy + yz + zx). 

f. V x; y; z > 0 — suym > x 2 y 2 + y 2 z 2 + z 2 x 2 > xyz(x + y + z). 

g. V x; y; z>0 5 “ yra > (xy + yz + zx) 2 >3xyz(x + y + z). 

h. Vx;y;zel — suyra > 3(x 2 y 2 + y 2 z 2 + z 2 x 2 )>(xy + yz + zx) 2 . 


i. Vx;y;ze: 

j. Vx;y>0^ 

k. V xy >1 suyra 
Suy ra: V xy > 1 

l. V x;y >1 — 5 -^- 


* suym > (x + y + z)(xy + yz + zx) <-(x + y)(y + z)(z + x). 

Cac bat dang thuc phu thirong dupe su dung (chung minh lai khi ap dung) 
-J^x 3 +y 3 >±(x + y)\ 


1 + x 2 1 + y 2 1 + xy 

. 1.1 2 


va V xy < 1 - 


1 + x 1 + y 1 + 


va V xy < 1 


1 + x 2 1 + y 2 1 + xy 

. 1.1 2 


1 + x 1 + y l + Jxy 


(1 + x) 2 (1 + y) 2 1 + xy 


m. V x; y e [0;l] 


1 1 



2 



Jx, y>0 

suyra ) 

f--i¥--il>f—-ll 

|x+y >1 


U JLy J U+y J 


a. Chung minh: V x; y; z > 0 - 


Chung minh cac danh gia'co bah 

> x 2 + y 2 + z 2 > xy + yz + zx. 


Ap dung BDT Cauchy: 


x 2 + y 2 > lJx 2 y 2 = 2xy 

I ■ ■ ® 

y + z > 2Jy z = 2yz => x + y + z > xy + yz + zx. Dau " =" khi x = y = z. 
z 2 + x 2 > 2 \lz 2 x 2 = 2zx 


b. Chung minh: V x; y; z>0 s “ yro > (x + y)(y + z)(z + x) >8xyz. 

\x + y>2^xy ^ 

Ap dung BDT Cauchy \ y + z> 2 Jyz =>(x + y)(y + z)(z + x) > Jx 2 y 2 z 2 = 8 xyz. Dau " =" khi x = y = z 


c. Chung minh: Vx;y;ze| — s “ yra > 3(x 2 + y 2 + z 2 ) >(x + y + z) 2 . 

Ap dung BDT Cauchy - Schwarz dang cong man sq ta duqc: 

x 2 +y 2 +z 2 =^- + ^- + y ^ X + ^ 3 +Z ^ =>3(x 2 +y 2 + z 2 )>(x + y + z) 2 . Dau " = " khi x = y = z. 


d. Chung minh: V x; y; z > 0 — suyra > (x + y + z)(x 2 + y 2 + z 2 ) > 3(x 2 y + y 2 z + z 2 x). 
Taco: (x + y+ z)(x 2 +y 2 +z 2 ) = (x 3 +xy 2 ) + (y 3 +yz 2 ) + (z 3 +zx 2 ) + x 2 y+ y 2 z + z 2 x 
Ap dung BDT Cauchy cho tung dau (...) ta duqc: 
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(x + y + z)(x 2 + y 2 + z 2 ) > 2x z y + 2 y 2 z + z 2 x + x 2 y + y 2 z+z 2 x = 3 (x 2 y + y 2 z + z 2 x). Dau " =" khi x = y = z. 

e. Chung minh: V x; y; z > 0 — suyra > (x + y + z) 2 > 3(xy + yz + zx). 

Ta co': (x + y+ z) 2 =x 2 +y 2 +z 2 + 2(xy + yz + zx) > 3(xy + yz + zx). Dau " =" khi x = y = z. 

f. Chung minh: V x; y; z > 0 — suym > x 2 y 2 + y 2 z 2 + z 2 x 2 > xyz(x + y + z). 

Dat: a = xy; b = yz-, c- zx thi bat dang thuc can chuhg minh tuong ducmg voi: 
a 2 + b 2 +c 2 >ab + bc + ca\ luon dung theo bat dang thuc Cauchy (BDT a.) 

Dau dang thuc khi x = y = z hoac y = z = 0 hoac x = y = 0 hoac z = x = 0. 

g. Chuhg minh: V x; y; z>0 — suyra > (xy + yz + zx) 2 >3xyz(x + y + z). 

Dat: a = xy; b = yz ; c = zx thi bat dang thuc can chuhg minh tuong duong voi 
(a + b + c) 2 > 3 (ab + bc + ca) : luon dung theo BDT e. 

Dau dang thuc khi x = y = z hoac y = z = 0 hoac x = y = 0 hoac z = x = 0. 


h. Chuhg minh: V x; y; zel — suyra > 3(x 2 y 2 +y 2 z 2 +z 2 x 2 )>(xy + yz + zx) 2 . 
Ta co: 3(*V +Jf V + + + + 

Dau dang thuc xay ra khi x = y = z. 


i. Chuhg minh: V x; y; z e R 


(x + y + z)(xy + yz + zx) < -(x + y)(y + z)(z + x). 


Ta co': (x + y)(y + z)(z + x) > 2 yfxy.Jyz.Jzx = 8xyz. 

Mat khac: (x + y + z)(xy + yz + zx) = xyz + (x + y)(y + z)(z + x). Suy ra: 

(x + y + z)(xy + yz + zx)<j^ + lj(x + y)(y + z)(z + x) = ^(x + y)(y + z)(z + x). 


Dau dang thuc xay ra khi: x = y = z. 


Chuhg minh cac bat dang thuc phu 

1 , 


Ta co: x 3 +y 3 =(x + y) 3 + 3x.y(x + y) > (x + y) 3 +3. 




(x + y) = ( ^ + y) • Dau " = " khi x = y. 


k. Chung mnh: V xy > 1 - 

Chuhg minh: Vxy > 1 = 


Bat dang thuc (1) tuong duong voi: 


1 + x 1 + y 2 1 + xy 


1 + x 2 1 + y 2 1 + xy 

1 1 


ya Vxy<l - 


1 | 1 ^ 2 
[ + x 2 1 + y 2 1 + xy 


(1) 


1 + x 2 1 + xyJ 1^1 + y 2 1 + xy 


^ xy - x 2 + x y~y 2 > o ^ + y(^ - y) > ^ 

^(l + x 2 )(l + xy) + (l + y 2 )(l + xy)“ ^ (l + x 2 )(l + xy) + (l + y 2 )(l + xy) “ 

o(y-x)- X(1 t y2) -^ (1 + X2) >0^(y-x)- + y») >q 

(1 + x )(l + y )(1 + xy) (1 + x )(l + y )(l + xy) 


? (y-x) 2 (xy-1) 

(l + x 2 )(l + y 2 )(l + xy) 


> 0: dung Vxy > 1. Dau " =" khi x = y hoac xy = 1. 
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Chung minh: Vxy < 1 => - 


(2) 


— 

l + x 2 1 + y 2 1 + xy 
Ta lam tuong tu va' dau dang thuc xay ra khi va' chi’ khi x = y hoac xy = 1. 

112 112 

Suy ra: Vxy > 1 =>-^ ta Vxy < 1 =>-+-<-= ■ 

l + x 1 + y 1 + ^ l + x 1 + y 1 + ^ 


Md rong: V x; y; z > 1 thi - 


( 3 ) 


l + x 1 + y l + z 1 + xyz 

Chung minh: Ghep tung cap xoay vong, cong lai. Dau " = " khi va chi khi: x = y = z = 1. 


1. Chung minh: V x;y >1 
1 1 


Ta co: 


1 + xy 
2 


1 


(l + x) 2 (1 + y) 2 

_ + _ i ( i _i_Y 

(l + x) 2 + (l + y) 2 ~l + xy °\l + x 1 + yJ + (l + x)(l + y) l + xy“ 
{y~x? , 1 + xy-x-y (y ~ xf < (x - l)(y -1) 


>0 


(1 + x) 2 (l + yf (1 + x)(l + y)(l + xy) (1 + x) 2 (l + y) 2 
Dau dang thuc xay ra khi va' chi khi x = y = 1. 

m. Chung minh: V*;y e [0;l] 

y y Cauchy-Schwarz 


(l + x)(l + y)(l + xy) 


>0: dung Vx,y>l. 


Taco: 1. , +1.- 

VI + x 2 -^1 + y 2 


VI+ x' 
f l 2 +1 


'1 + y 2 Vl + xy 


.fX 

p + x 2 


1 

h T77 


Matkhac Vx,ye(0;l), thi 

That vay: (2) <= 

x(y-x) 


l + x 2 1 + y 2 1 + xy 


( 1 ) 

(2) 


.p_ 

| t h 

L Y 

P + x 2 l + xy y 

1 U+y 2 

1 + xyJ 


y(x-y) 


(l + x 2 )(l + xy) (l + y 2 )(l + xy) 
(y-x) 2 (xy-1) 


(l + x )(l + xy) (1 + y )(l + xy) 

1 _ 1 

7+7 


(1 + x )(1 + y )(1 + xy) 


<0: dung Vxy<1. 


Tu'(l), (2), suy ra: 


n. Chung minh: V 7' ^ ^ - 

' [x + y > 1 


Ta co: BDT <» - 


V 1 +xy 

•7 

4 

-< 

x + y 


, Vx;y e [0;l]. Dau dang thuc xay ra khi: x = y. 


rMw 1 


1 4 114 

--— >-1-< 

xy (x + y) x y x + y 


(x-y) ^ (x-y) 


xy x y (x + y) 2 x + y xy (x + y) x y x + y xy(x + y) 2 xy(x + y) 

<=>(x-y) 2 (l-x-y)>0: dungvdimoi x + y<l va dau " = " khivachikhi: x = y. 
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B4 TDANG TfiUC VA CVC Tt?I 
TECNGCACDE TMTULf NAM 2Cie 

Cau 1: Cho a,b,c la cac so' thuc thoa man a,b,c e[l;2]. Tim gia tri Ion nhat cua bieu thuc sau: 
p_ 2 (ab+bc+ca) + 8 b+c+4 

2(2 a+b + c) + abc 2a{b+c)+bc+4 *Jbc + l 

Truong THPT Anh Son 2 - Lan 2 

Lin gidi tham khao 

Vi a,b,c&[ 1;2] nen taco (a-l)(&-2)(c-2)>0 
<=> abc + 2(2 a+b+c)> 2 (b+c)a+be+4 


Da'u "=" xay ra khi a = 1 hoac b = 2 hoac c = 2 
Do do va do a > 1 nen ta co 

p_ 2 (ab + bc + ca) + 8 b+c + 4 

2(2 a+b+c)+abc 2a(b+c)+bc+4 sfbc + 1 

< 2 (ab + bc + ca) 8 b + c + 4 _ 2a(b + c) + bc + 4 + bc + 4 b + c + 4 

2a(b + c) + bc+4 2a(b + c)+bc+4 Abe +1 2a(b + c)+bc + 4 Jbc + 1 

. bc + 4 b + c + 4 . bc + 4 b + c + 4 , bc + 4 2\[bc + 4 

= 1 +-- <1 +-- < 1 +--- 

2a(b + c) + bc + 4 Abe +1 2(& + c) + Z?c + 4 V&c+l bc + 4yjbc+4 yjbc+l 

i — t 2 + 4 2t + 4 

Dat t = yfbc e [1; 2]. Xet ham so' f(t) = l-\ - T --tren [1;2] 

it + 2) t +1 


/w= *^ + _L_*_i. + 2 >0 

a+2) 2 a+i) 2 27 9 


nen /(f) lien tuc va dong bie'n tren [1;2] Suy ra P< f(t)< f( 2) = — 

6 


Vay, gia tri Ion nhat cua P = — khi a =1, b = c = 2. 

6 


Cau 2: Cho cac so' thuc a, b, c khong am thoa man a 2 +b 2 +c 2 = 1 .Chung minh rang 

1 1 1 ^9 

l-a& 1-fcc 1-ca 2 

Truong THPT Bac Yen Thanh - Lan 1 


Lin gidi tham khao 
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1 1 1 < 9 ab be ca < 3 

l-ab 1 -be 1 -ca 2 1 -ab 1 -be 1 -ca 2 

„ , ab lab lab 

Ta co-= —~z - ~z - ~z -< -t- -r . 

1 -ab la +lb 2 +lc 2 —lab a 2 +b 2 +lc 2 

Theo bat dang thuc Bunhiacopxki T T > -r—— T 

& r a 2 +c 2 b 2 +c 2 a 2 +b 2 +lc 2 a 2 +b 2 +lc 2 

ny 

l-ab l{a +c b~+c I 


Tuong ter 


•n/3 

Cong lai ta co dieuphai cherng minh. Da'ubang khi a=b = c = — . 


( b2 \ ° 2 } 

1 

f , g2 _1j 

\b 2 +a 2 c 2 + a 2 j 

’ 1 - ac 2 

^ a 2 +b 2 c 2 +b 2 J 


Cau 3: Cho x, y, z la cac so' there derong thoa man dieu kien xyz — 8 . 
Tim gia tri nho nha't cua bieu thuc : P = (x + y)(y + z)(z + x) 


Jx+y+z+3 

Truong THPT So 3 - Bao Thang - Lao Cai- Lan 1 


Lot gidi tham khdo 

(x + y)(y + z)(z + x) = (x + y + z) xy +yz +zx -8 

Ta co : a — b + (b — c) 2 +(c — a) 2 > 0 

a 2 + b 2 + c 2 > ab + be + ca a + b + c >3 ab + bc + ca * . Thay 
x 2 

a = xy;b = yz\c — zx vao (*)=>- xy + yz+zx > 3xyz x + y + z 

=> xy + yz + zx > 2^6 x + y + z 

Dodo: P > 2(x + y + z) Jb(x + y + ^ -8 

y/x+y + z + 3 

Dat: t =x+y + z>3ifxyz = 6 ->P> lt^6t + -8 ,(t = x + y + z,t > 6) 

V3+7 v 7 


Xet ham so' f(t) = lty/6t + — - 8,(r > 6) => / ’(f) 


3^6t(t + 3) 3 - 


-=> f\t)>0,\/t >6 
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=> fit) dong bien tren [6;+qo) . Vay Min fit ) = /(6) = 80 

[6;+°o) 

Suy ra P > 80 dau bang xay ra khi x-y-z= 2 

Ket luan : Gia tri nho nhat cua P la 80 dat duoc khi x=y-z=2 


Cau 4: Cho cac so thuc dirang a, b, c thoa man a e = 1. 

, , 7 121 

Tim gia tri nho nhat cua bieu thuc A = -1- 

a 2 + b 2 + c 2 14 (ab +bc + ca) 


Ta co 1 — (a+b+c) — a+b+c + 2 (ab +bc+ ca) =+ ab + be + ca 

Dodo A = - 7 - - - , 121 , , 

a 2 + 6 2 + c 2 7(1 —(a 2 +6 2 +c 2 )) 


Truong THPT Binh Minh - Ninh Binh - Lan 1 
Lai gidi tham khdo 

l-(a 2 ^ 2 +c 2 ) 


Dat t — u 2 + b 2 + c 2 . 

Vi a, b, c > 0 va a+b + c —1 nen 0<a<l,0<&<l,0<c<l 
Suy ra t — a + b + c <CdT^Tc = l 

Matkhac \ — (a + b + c) —a +b + c + 2 (ab + be + ca) + 3 (a +b + c 2 ) 
Suy ra t — a 2 + b 2 + c 2 > ^. Vay t£P;l 


, 7 121 

Xet ham so f{t) = —I- 

JKJ t 7(1 -t] 


t 2 7(1 - 1) 2 


= 0^t= — 
18 


BBT 


t 

i 

3 

00 1 -4 

1 

m 


0 

+ 

ft) 


324 ^ 

7 



- THAY TAI - 0977.413.341 
















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


TAI LIEU LUYEN THI THPT QUOC GIA 2016 


324 

Suy ra f(t) > —-, \/t G 


1 , 1 1 1V 

a — -:b — -;c — - thi 

2 3 6 


—; 1 . Yay A > vai moi a, b, c thoa dieu kien de bai. Han nua, vdi 

3 J 7 

a 2 + 6 2 + c 2 = — v . 324 . . 324 

18 va A —- Vay mm A — - 

a + b + c = 1 7 7 


Cau 5: Cho cac so thuc x, y, z thoa man x>2,y>\,z>0 ■ 


Tim gia tri Ion nhat cua bieu thuc: P = —, 

1 

2,Jx 2 + y 2 + z 2 - 2(2x + y-3) 

y(*-l)(z + l) 


Truong THPT Bo Ha - Lan 2 


Lai gidi tham khdo: 

Dat a = x-2,b= y-l,c = z^a,b,c>0 


2\la 2 +b 2 +c 2 +1 ( a + l)(b+ l)(c+1) 

Taco a 2 +b 2 +c 2 + i> (a+Z?) + (c + 1) >l(a+fr + c+l) 2 
2 2 4 

Dau “=” xay ra khi a = b = c = \ 

Mat khac (a + l)(b+ l)(c+1) < (a + b + c + 3> > 


1 


27 


a+b+c+1 (a+b+c+3) : 

1 27 

Dat t=a+b+c+\>\ . Khi do P< - T ,t> 1 

t (t + 2) 3 


j . Dau “=” xay ra khi a = b = c = \ 


_ 81r -(t + 2) 
t 2 (r + 2) 4 

Xet f \t) = 0 8 It 2 - (t + 2) 4 = 0 t 2 - 5t + 4 = 0 o t = 4 (do t> 1) lim f(t) = 0 


f(t) = - - = + —— - 4 

t it + 2) t 2 (t + 2) 4 t 2 (t + 2) 4 


t 

14 +oo 

f(t) 

+ 0 

f(t) 

1 

0 0 
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Tir BBT Ta co maxf(x)=f(4)= ^ 

a=b=c=l 


8 [a + 


Vay rna xP =f(4) = - <»<^ <=> a = b = c = \ => x = ?)■, y =2; z =1 

'a+b+c+ 1=4 


Cau 6: Cho x,y,z ^Othoa man x + y + z^O. 


Tim gia tri nho nhat cua bieu thuc P = 


x 3 +y 3 +16z 3 
(x + y + z) 3 


Truong THPT Cam Ranh - Khanh Hoa- Lan 1 


Truac het ta chung minh duoc: x 3 + y 3 > 


Lin gidi tham khdo 

( x+ y ) 3 


T „ . ,, fx + y) +64z fa-z) +64z . n3 , z . 

Dat x + y + z = a. Khi do 4P > --= --= (l -1) + 64t (vai t = -; 0 < t < 1) 

a a a 

Xet ham so' f(t) = (1 -1) 3 + 64t 3 voi te [0;l]. 

Co : f’(t) = 3^64t 2 - (1 - 1) 2 J,f'(t) = 0o t = ^ e [0;l]. Lap bang bien thien 

=>Minf (t) = — =^> GTNN cua P la — dat dupe khi x = y = 4z >0 
[0;1] 81 81 

Cau 7: Cho x, y, z la cac so' thuc duong Ion hon 1 va thoa man dieu kien: — + — + — > 2 

x y z 

. Tim gia tri Ion nhat cua bieu thuc: A = (x-l)(y-l)(z-l) 

Truong THPT Cam Ranh - Khanh Hoa - Lan 2 


Lai gidi tham khdo 

Taco - + - + ->2,nen: ->(l--) + (l--) = (^^) + (^—!}>2 /- 

xyz xy zy Z V 

->(l--) + (l-i) = (—) + (—)>2 f 

y x z x z V 
1 ->(l--) + (l--) = (—) + (l^)> 2 [ ( 

Z X y X y v 


'(y - l)(z -1) 


yz 


(l) 


(x-l)(z-l) 


( 2 ) 


(x - l)(y -1) 


(3) 


Nhan vevoi vecua (1), (2), (3) ta dupe (x - l)(y - l)(z -1) < - 
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Vay Amax = -<=>x = y = z = - 


Cau 8: Gia su a, b, c la cac so' thuc duong thoa man a + b+c = 1. 
Tim gia tri nho nha't cua bieu thuc: P = 


b --( a+b ) 2 


(b + c) 2 +5bc (c+a) 2 +5ca 4 

Truong THPT Cao Lanh 2 - Dong Thap - Lan 1 


Ap dung bat dang thuc Cosi 


Tuong tu: 


Lin gidi tham khdo 


(b + cf + 5bc- I + 5 2 9(b + cf 

4 


(c + af + 5ca 9 (c + a)' 

b 2 



|> 2 | 

f— +— T 

{(b + c) 2 (c+a ) 2 J 

9 I 

{b+c c+a ) 


.( a 2 +b 2 + c(a+bY ^ 2 

(a + b) 2 . u . ^ 

v ’ +c(a+b) 

2 

_2 ( 2(a + b) 2 +4c(a+b) Y 

\ab + c(a + b) + c 2 J 9 

(a + b ) 2 , 2 

\ 4 J 

9 [(a + b ) 2 +4c(a + b) + 4c 2 J 


Vi a+b+c = loa+b = l-c nenta co 
_ 2( 2(1-c) 2 +4c(l-c) 


-f ^y)- + 4 c( l-c) J .3 8^ 

9^(l-c) ;! +4c(l-c)+4c : ! J 4 9^ c+lj 4 V 


Xet ham so' 


r „ , 16 ( 2^2 3 r, f \ n 1 

/(c) = — 1--r—(c-l);/(c) = 0<=>c = - 

y W 9 ^ c +1J(c +1) 2 2 V ,,JK> 3 


Bang bie'n thien 


c 

0 

1 

3 


1 

f\c) 

- 

0 

+ 


m 


1 

9 




Dua vao BBT ta co /(c) > -—, Vc e (0; 1) (2) 
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TAI LIEU LUYEN THI THPT QUOC GIA 2016 


Tu (1) va (2) suy ra P > , dau dang thuc xay ra khi a = b = c = ^ 

Vay gia tri nho nhat cua P la ~ 


Cau 9: Voi x, y, z la cac so thuc doi mot phan biet. Hay tim gia tri nho nhat cua bieu thuc: 



Truong THPT Chuyen KHTN - Lan 2 


Lai giai tham khao 

Bat a = —; b = —; c = —. Suy ra a - 1 = —; b — 1 — —; c— 1 = —. 

x—y y-z z-x x—y y—z z—x 


=>abc = (a — 1 )(b — 1 )(c — l)<=>a+h + c = (ab + be + ca) + 1. 

Ta co: M = (a + l) 2 + (b + l) 2 + (c + l) 2 = a 2 + b 2 + c 2 + 2(a + b + c) + 3. 

=(a + b + c) 2 — 2 (ab + bc + ca) + 2(a + b+c) + 3 = (a + b+ c) 2 + 5 > 5. 

Vay Min M = 5khia + b + c = 0, chang han x = 1; y = 2; z = 0. 

Cau 10: Xet cac so thuc duong x, y, z thoa man dieu kien x 2 + y 3 + z 4 > x 3 + y 4 + z 5 , chung minh rang 
x 3 + y 3 + z 3 < 3 

Truong THPT Chuyen KHTN- Lan 1 
Lot giai tham khao 

Xet cac so thuc duong x, y, z thoa man dieu kien x 2 + y 3 + z 4 > x 3 + y 4 + z 5 , chung minh rang 
x 3 + y 3 + z 3 < 3 

Gia thiet co the viet lai la (x s — x 2 ) + (y 4 — y 3 ) + (z 5 — z 4 ) < 0. Ta s8 chung minh cac bat dang thuc sau 
x 3 - 1 £ 3(x 3 - x 2 )(l) 
y 3 -1^3(y 4 -y 3 )(2) 
z 3 — 1 ^ 3(z s — z 4 )(3) 

That v$y, cac bat dang thuc (1), (2), (3) lan luot tuong duong voi cac bat dang thuc dung duoi day 
(x - l) 2 (2x + 1) > 0. (y - l) 2 (3y 2 + 2y + 1) > 0, (z - l) 2 (3z 3 + 2z + 1) > 0. 

Cong tung ve cac bit ding thuc (1), (2), (3) va sur dung gia thiet dupe viet I 91 , ta co ngay dieu phai chung minh 


thuc : 
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Cau 11: Cho x, y, z la cac so'thuc duong va thoa man dieu kien a 2 + ab + b 2 — c a+b +c .Tim 
gia tri Ion nhat cua bieu thuc: 

(a + c) 2 (b + cf ab ab 

P — -;- ir H---— H-— H---— 

2a +2ac + c 2b +2bc +a" (a + b)" a + Abe+ b 

_ Truong THPT Chuyen KHTN - Lan 3 

Lot gidi tham khao 
112 

Bo de : Cho x, y > 0; xy < 1 khi do :-h-<-(*) 

1 + x 2 1 +?/ 1 + xy 


That vay (*) ^ 1)(^ yf -< 0 (Lu6n dung) 

(l + x 2 )(l + y 2 )(l + xy) 


i a + c ) 2 , { b + c f 

2 a 2 + 2a c + c 2 2 b 2 + 2 be + a 2 



2 

i+ —— 
(a + c)(b + c) 


Dat t ~^ a + C ^ + - ab + c ( a + b + e) 
ab ab 


( a+b ) 2 

4 


>4 thi P<f(t),f(t)=- 2t + l + 
1 + t t 


1 

t + 2 


Taco: f'(t) = - 


1 1 „ , 1 1 

-^ < 0 do — +- T 

t 2 (t + 2) 2 t 2 (,+ 2 ) 2 


2 

’ tit + 2) 


2 

h+D 2 


Suy ra : fit) < /(4) = — Dau bang xay ra khi t = A=>a=b = c . Vay : P mm 


121 

60 


Cau 12:Cho x, y, z la ba so' thuc duong thoa: x 2 + y 2 + z 2 = 3. Tim gia tri nho nhat cua bieu thuc : 
P = 3(x + y + z) + 2(i + 7 + 7 ) 

Truong THPT Chuyen Le Quy Don - Khanh Hoa - Lan 1 
Lot gidi tham khao 

Trade het ta co: (x - l) 2 (x - 4) < 0 ,Vx < V3 (dau “=” xay ra tai x = 1) 


Hay : x 2 + 9 < 6x + ~ <=> Vz (x 2 + 9) < 3x + \ ^ 

Tuong ty ta cung co 14 (y 2 + 9) < 3y + j 

Vi (z 2 + 9) < 3z + f ^ 

Cong (1),(2) va (3) ve theo ve cuoi cung ta co: 14 (x 2 + y 2 + z 2 + 27) < P 
Vay minP = 15<=>x = y = z= l 
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Cau 13:Cho x, y, z la cac so' khong am thoa man x + y + z = — • 


Truong THPT Chuyen Nguyen Hue - Lan 1 


Lai gidi tham khdo 

■ Gia su x = min {a; y; z } suy ra x e |^0; ^ j 

Ta c6: x 3 + y 3 + z 3 -3 xyz = (x+ y + z)[x 2 + y 2 + z 2 -xy-yz-zxj 
=> a 3 + y 3 + z 3 = 3xyz + (x+ y + z)^(x+ y + z) 2 -3(xy + yz + zx)^ 


= 3 ^ + g- 9 fr + * + °o 

8 2 

Ta co: 

P = x 3 + y 3 + z 3 + x 2 y 2 z 2 - x 2 y 2 z 2 + 3xyz + + yz + zx) 

( if 1 13 27 9, , 

= LL -64 + T JW + T"2l J3 ' + JB + “ ) 


215 9 
' 64 2 


‘H]= 


(xy + £x)-yz[^ 
( 


9 13 

- x 

2 4 




25 
2) 64 


9 J 

^ _ x } 



2 

r 9 

13 f 

2 l 

v2 J 

4 I 

v2 J 

1 


4 J 

9 


Li 

ri_; 

f 


.iif 

’ 2 X 

U , 

) 4 

U y 


U 

4 J 


Ham so' / ( a) nghich bie'n tren |^0; ^ j => / (a) > / ^ 
25 1 

Vay GTLN cua P bang — dat khi x = y = z = —■ 


Cau 14:Cho x, y, z> 0 va 5^x 2 + y 2 + z 2 ^j = 9(xy + 2yz + zx). 


Tim gia tri Ion nha't cua bieu there P = — ---— 

y 2 + z 2 (x + y + zf 


Truong THPT Chuyen Nguyen Hue - Lan 2 
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Lai gidi tham khdo 


Dat y + z = t (t > 0); y 2 + z 2 > ; yz < 


5(x 2 + y 1 + z 2 j = 9(xy + 2yz + xz) <^> 5x 2 + 5 (y + z) 2 -9x(y + z) = 28yz 
=>5x 2 +5t 2 -9xt<7t 2 <^(5x+t)(x-2t)<0<^ x<2t 
2x 1 

P< -— voi t> 0 

t 2 27 1 3 

f'(t) = o 1 

J v ’ ot = - 
t> 0 6 

Lap bang bien thien suy ra GTLN cua P bang 16 dat dupe tai x = = z = 


Cau 15: Cho cac so' duong x, y, z thoa man x > y; (x + z)(y + z) = 1 • 

Tim gia tri nho nhat cua bieu thuc: p _ \ + ^ + ^ 

(x-yf {x + zf (y + zf 


Truong THPT Chuyen Son La - Lan 1 
Lai gidi tham khdo 


a = x + z^>y + z ——• 
a 

x>y=>x+z>y + z=>a>—=>a> 1 
a 

a 2 -l 


x-y=x + z-(y + z)=- 
Thay vao P dupe: 

P =—-—- + \ +4 a 2 

(a 2 - 1 ) 


a 


P — -— + 3 a H—— + ct ^-— + 3 a + 4 

b’-i) * (« 2 -i) 

Xet f(t ) = — t -^r + 3t+ 4 ; t = a > 1 

(*" 1 ) 
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. -t- 1 . 1 / \ n 3i 3 -9r+8i-4 _ . , 1X 

f\t)=~ -ry + 3; f\t)=0o --- -3 -= 0^7 = 2 ; (t> 1) 

( f -0 ('->) 


T 

1 2+oo 

f 

0 + 

F 

12 


Minf(t)= 12. Vay MinP-Y2 khi x + z=^2',y + z=x-y = — ■ 

t>] V2 

[2 y > x 2 s , a* t 

Cau 16: Cho ijel thoa man < " . Tim gia tri nho nhat cua bieu thuc: 

[y<-2x 2 + 3x 

P = x 4 +y A + 


(x+y) 

Truong THPT Chuyen Vinh Phuc - Lan 1 
Lai giai tham khao 

Tu gia thie't ta co y > 0 va < -2x 2 + 3x => 0 < x < ^ va x 2 + y 2 < x 2 + (-2x 2 + 3x) = 2x 2 (2x 2 - 6x + 5) 


Xet ham so' /(x) = 2x 2 (2x 2 - 6x + 5); x e 0; — ta duoc Max f(x ) 

L Sj r 0;| i 


-2 => x‘ + y‘<2 


p=(^ + y) ! -2xy + (-^>(^ + /) 2 -t^l +? | 7 


t 2 9 

Dat t = x 2 + y 2 => P > —b— , 0 < t < 2 
2 t 


Xet ham so': 

g( ' ) "I + 7' ,e(0;2 ] 
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Lap bang bien thien ta co MinP khix = y = 

Cau 17:Cho a,b,c la do dai ba canh cua mot tam giac co chu vi bang 1 . Tim gia tri Ion nhat cua 
4 4 4 1 1 1 

bieu thuc: T = - 


a + b b + c c + a a b c 


Truong THPT Chuyen Vmh Phuc - Lan 2 


Lai gidi tham khdo 


T = - 


1 1 1 5a-1 5b-1 5c-1 


1-a 1 -b 1 -c a b c a-a b-b~ c-c 

Vi a,b,c la do dai ba canh cua mot tam giac co chu vi bang 1 => a,b,c e ^0;-^ 

Ta co ^j--(l8a-3) = ^ 3a ~^ < 0 ,Vaef();-] 

a-a 2 K ’ a-a 2 V 2) 

Tirdosuyra: ——j-<18a-3,Vae|0; — 
a-a 2 

Ta cung co 2 bat dang thuc tuong tu: 

^4<18&-3,Vfce|0;±| va ^-j-<18c-3,Vce| 0;- 
b-b 2 { 2) c-c 2 l 2. 

Cong cac bat dang thuc nay lai voi nhau ta co : 

T = j- + J- < 18(a + b + c) - 9 = 9. 

a-a b-b c-c 

Dau dang thuc xay ra khi a=Z? = c = ^=> T max = 9 dat dupe o a =b = c = ^ 

Vay Cho a,b,c la do dai ba canh cua mot tam giac co chu vi bang 1 , thi gia tri Ion nhat cua bieu 

4 4 4 1 1 1 v 1 

thuc : T =-1-1-bang 9 va dat dupe khi va chi khi a = b = c = - 

a+b b+c c+a a b c 3 

Chu y: De co duoc bat dang thuc ——^ <18a-3,Vae( 0;- I ta da su dung phuong phap tiep 

a-a \ 2) 

tuyen 


Cau 18: Cho cac so' thuc duong x,y thoa man dieu kien x + y = 2016 .Tim gia tri nho nhat cua 
bieu thuc: P = J5X 2 + xy + 3 y 2 + yj3x 2 + xy + 5y 2 + ^x 2 + xy + 2 y 2 + ^2x 2 +xy + y 2 
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TAI LIEU LUYEN THI THPT QUOC GIA | 2016 

| Truong THPT Chuyen Vinh Phuc - Lan 3~| 

Lin gidi tham khdo 

P = A + B. Trong do A = ^5x 2 + xy + 3y 2 + y]3x 2 +xy + 5y 2 va B = y]x 2 +xy + 2y 2 + yj2x 2 + xy + y 2 
=> A>3(x+y) = 3-2016 = 6048 (*) dau dang thuc xay ra khi va chi khi x = y = ] 008 
6A = yjlS0x 2 + 36xy + 108y 2 + ^/l08x 2 +36xy + 180y 2 

= J(llx + lyf +59(x-yf +yl(Uy + Ixf + 59 ( y - xf >(lljc + 7y) + (lly + 7;c) = 18(jc + y) 

=>5>2(x+y) = 2-2016 = 4032 (**) dau dang thuc xay ra khi va chi khi x = y=1008 
4 B = yjl6x 2 + 16xy + 32 y 2 + ^32 * 2 + I6xy + 16 y 2 

= J(3x+5y) 2 +7(x-y) 2 +J(3y+5x) 2 +l(y-xj 1 > (3* + 5y) + (3y+ 5x) = 8(x+y) 

Tu (*) va (**) ta duoc P=A+B> 6048 + 4032 = 10080 , dau dang thuc xay ra khi va chi khi 
x = y =1008. Vay P^ = 10080 <=> x = y = 1008 


ci b c i 

Cau 19: Cho a,b,c la cac so' thuc duong thoa man I — _ — | < 4 abc. 


Tim gia tri Ion nhat cua bieu thuc P = 


2016 

yja yfb \[c 


i + 4bc b + yfca c + yjab 

Truong THPT Chuyen Ha Long - Lan 2 
Lin gidi tham khdo 


Theo bat dang thuc Co-si, ta co 

Vfl , y/b , Vc 


if 1 1 1 > 

2 yyfab \/bc yfca) 


2\layfbc lyjbyfca 2\lc^[ab 
Vdi cac so'thuc x,y,z, ta co (x-y) 2 + (y-z) 2 + {z-x) 2 >0 o xy + yz + zx<x 2 + y 2 +z 2 . 
,, if 1 1 1 ^ if 1 1 l\ \fab + \fbc + yjca a + b + c 

2 y\jab yfbc yfca) 2\\fa yb yc J 2\[abc 2yabc 

Tu gia thie't, ta co a+b+c< 4032 Vofoc. Do do P < 2016 

Vdi a = b = c = ' ta c ° ^ = 2016 . Vay gia tri Ion nhat cua P bang 2016. 
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TAI LIEU LUYEN THI THPT QUOC GIA 2016 


Cau 20:Cho hai so' duong x, y phan biet thoa man: x 2 + 2y = 12. 

A , 4 4 5 

Tim gia tri nho nhat cua bieu thuc P = — r h— r h- T . 

x 4 y 4 8(x-y) 2 

Truong THPT Chuyen Long An - Lan 1 
Lot gidi tham khdo 

Tir dieu kien, dung bat dang thuc cosi suy ra: 0<xy<8. 

i 5 i 


Danhgia P> 


16 


64 x y 


+ —-2 

y x 


Dat t = —+—(t>2). Khi do P > — it 2 -2) + — 

y x y ’ 16 1 ' 64 t-2 

Xet ham so' f(t) = — .t 2 + —. — (vdi t > 2) 

J 16 64 t-2 8 V 

Tinh dao ham, ve bang bie'n thien, tim dupe: 

mi ^/w =/ (f) = I 


Tim dupe gia tri nho nhat cua P la — khi x = 2 va y = 4 

Cau 21: Cho 3 so'thuc khong am a, b, c thoa 5 (a 2 + b 2 + c 2 ^ = 6(ab + be + ca) 

Tim gia tri Ion nhat cua bieu thuc P = <j2(a + b + c) — {b 2 + c 2 j 

Truong THPT Chuyen Nguyen Tat Thanh- Lan 1 
Lot gidi tham khdo 

Tir dieu kien suy ra a + h + c < 2(h + c) 

P < 2t - — t 4 ,t = \jb + c maxP = -,a=l,c = b = - 

_ 2 _ 2 _ 2 _ 

Cau 22: Cho a, b, c la cac so' thuc khong am thoa man 8(a 2 + b 2 + c 2 ) = 3(a + b + c) 2 . 

Tim gia tri Ion nhat cua bieu thuc P = a(l - a 3 ) + b(l - b 3 ) + c. 

Truong THPT Da Phuc - Ha Noi - Lan 1 
Lot gidi tham khdo 

+) Tu gia thie't ta co: 5c 2 - 6 (a+b)c + (a+b ) 2 <0<» ^(a + b)<c<a+b . 


VI CONG DONG - THAY TAI - 0977.413.341 


18 










Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 
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+) Taco a 4 +b 4 >^(a + b) 4 \/a,b => P <2 (a + b)-^(a + b) 4 
A t 3 

+) Xet f(t) = 2t-j (t>0), f'(t) = 2-—;f'(t) = 0ot = S 



f S 
+) MaxP=^o = T 

2 [c = V 4 


Tim gia tri nho nha't cua bieu thuc P = 


Sa Va b Sc 


b +c c +a a+b 1 

Truong THPT Da Phuc - Ha Noi - Lan 2 


Lai gidi tham khdo 

Tu gia thie't J a + ^ +C ^a,b,ce(0;2) va a 2 +b 2 +c 2 =4ob 2 +c 2 = 4-a 2 ... 
[a,b,c> 0 V ’ 

Do do P- l — l Sc _ Set \ Sb \ Sc _ Sa ] Sb 2 | Sc 2 
° ° ~ b 2 + c 2+ c 2 + a 2 + a 2 + b 2 ~ 4-a 2+ 4-b 2 + 4-c 2 ~ 4a-a 3+ 4b-b 3+ 4c-c 3 

Vi a,b,c> 0. 

Xet ham so' / (x) = 4x - x 3 voi x e (0; 2). Co 

f '( x ) = 4-3x 2 => / '(x) = 0 <» x = —^~,f(P) = 0,/(2) = 0. 

Ta co bang bien thien cua ham so' / (x) tren (0;2) la 
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TAl LIEU LUYEN THI THPT QUOC GIA 2016 



^2>/3j_16>/3 


Tu bang bien thien ta co 0 < f(x) < , Vx e (0; 2). 

T4cC <4 i - i ^ S ^4^^,V«(0;2). 

9 4x-x 3 16V3 4x—x 3 16V3 v 7 


Dau 


khi x = 


2^3 

3 


Ap dung ta co 


V3a 2 9^3a 2 9a 2 J$b 2 9Jib 2 9b 2 J3c 2 9Jic 2 9c 2 , , . 

-, >-• —-;-, ^=-;-^>-,-• =- ,(a,b,ce( 0 ; 2 )) 

4a-a 3 16^3 16 46-6 3 I6yf3 16 4c-c 3 I6yf3 16 v ’ 

Cong theo ve 3 bat dang thuc tren ta dupe 


„ 9 a 2 9 b 2 9 c 2 

P> -+-+- 

16 16 16 


9_ 

16 


(a 2 +b 2 +c 2 ' 


9 

4' 


Va dau 


xay ra oa =b = c 


2y/3 

3 


Vay min P = — dat dupe. 


khi va chi khi a = b = c = 


2>/3 
' | 


Cau 24: Cho a,b,c la do dai ba canh cua mot tam giac thoa man 2 c+b = abc. 

3 4 5 


Tim gia tri nho nhat cua bieu thuc S = 


b+c-a a+c-b a+b-c 

Truong THPT Phuoc Binh- Binh Phuoc - Lan 1 


Lai gidi tham khdo 
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- , » 1 1 4 

Ap dung bat dang thuc — + — >- ,x > 0,y>0. 

x y x+y 

S = 1 +- 1 - + l[ - 1 -+- 1 ] + 3( - 1 -+- 1 — 

b+c-a a+c-b yb+c-a a+b-cj ya+c-b a+b-t 

c 2 4 6 

suy ra S > - + - + 
c b a 

Tu gia thiet ta co — + — = a, nen — + — + — = 2\- + — + — j = 2|a + —j > 4^. 

c b c b a yc b a) y a) 

Vay gia tri nho nhat cua S bang 4>/3 . Dau bang xay ra khi a = b = c = y/3. 

Cau 25: Cho a,b,c la cac s 6 thuc khong am thoa man a 2 b 2 +c 2 b 2 +1<3 b. Tim gia tri nho nhat cua bi 6 u 

, , „ 1 4 b 2 8 

thuc P = 


(a + l ) 2 (l + 2b) 2 (c + 3 ) 2 


Trirbng THPT Phuoc Binh- Binh Phuoc - Lan 2 


Lai gidi tham khdo 

1 4 b 2 8 _ 1 1 _8 

(a + l) 2 (1 + 2 bf (c + 3) 2 (a + l ) 2 (L +l ^ ( c + 3 ) 2 


- Bat d = -, khi do ta co: a b +c b +1 < 3b trd thanh a" +c~+d < 3d 
_b_ 



L , 8 ^ 8 ,8 

• - > + h g +1 j (« + 3rj fl+ | +2 j ( c +3 f 

64 

256 

^a + ^ + c + 5^ 

2 (2a+ d + 2c + 10) 2 

-Ma: 2a+4d + 2c<a 2 +l+d : 

! +4+c 2 +l = a 2 +d 2 +c 2 + 6<3d + 6 

Suyra: 2a + d + 2c<6 



- Do do: P > 1 nen GTNN cua P bang 1 khi a = \,c = !,£> = — 


Cau 26: Cho a, b, c la cac so' thuc duong. 
Tim gia tri nho nhat cua bieu thuc P = 


Aa + 2b + Asj2bc 8 + a + 2b + 3c A+b + 2c 
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Truong THPT Phuoc Binh- Binh Phuac - Lan 3 | 


Ta co 2yj2be <b+2c- 


Lai giai tham khao 
1 


4a + 2b + 4y]2bc 4a + 4b + 4c 

-1 -1 


S + a + 2b + 3c 4 + a + b + c 4 + b + 2c 
1 -1 


Suy ra P > 


4 (a + b + c) 4 + (a + c + b)' 


Dat t = a+b+c, t >0 


Xet = ^ + t> 0 , fXt) = --^ + — l — I -,fXt) = 0^t = 4. 

41 4+t 41 (4 + t) 



lb = 2c 

la + b + c = b 4 
\a + b + c = 4 


a = c = 1 
b = 2 


Cau 27: Cho a,b,c la cac so'there duong. 
Tim gia tri nho nhat cua bie’u there: P = 


a + 2b + c a+b + 2c a+b + 3c 

Truong THPT Phuoc Binh- Binh Phuoc - Lan 4 


Lai giai tham khao: 


{ x = a + 2b + c \a = -x + 5y-3z 

y = a + b + 2colb = x-2y + z 
z = a+b + 3c [c = -y + z 

Do do ta can tim gia tri nho nhat cua 

p _ -x + 2y + 4x-Sy + 4z -8y + 8z f 4x 2y 
x y z 

l8y 4z_ 


8y + 4 z 
z y 


P> 2 —.^ + 2 1^.— -17 = 12^2-17; 

V y x v z y 
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Dang thuc xay ra khi b = (l + V2 j a, c = ^4 + 3yf2)a 
Vay GTNN cua P la 12^2 -17. 


Cau 28:Cho cac so'thuc duong a, b, c thoa man ab > 1; c(a + b + c) > 3. 

Tim gia tri nho nhat cua bieu thuc P = ^ + + a + ^ c + 6 ln(a + b + 2c). 

5 ' 1 + a 1 + b 


Truong THPT Phuoc Binh - Binh Phuoc - Lan 5 


Lot gidi tham khdo 


_ ci + b + 2c + 1 ci + b + 2c + 1 
P + 2 =-+-+ 61n(a + b + 2c) 


l + o 


1 + fc 


= (a + & + 2c +l)f ——I—— | + 61n(a + b + 2c) 
V \l + a 1 + b) 

Ta chung minh duoc cac BDT quen thuoc sau: 

2 


, 1 1 

+): - + 


1 + a 1 + b 1 + y[ab 

+) ^<^± 1 (2) 


(1) 


That vay, 

1 1 


+)-1->- j= <w- (7 + a + b\i\ + V cib ] > 2(l + a)(l + £>) 

1 + a 1 + b 1 + 4ab K )\ ' ) \ )\ ) 

<^> Ufa -yfb'j [Jab- 1 j > 0 luon dung vi ab > 1. Dau "=" khi a=b hoac ab=l 


+)y[ab < + ^ <^> lj > 0. Dau "=" khi ab=l. 

Do do, —-—l—-— > 


>,- 1 -^- 1= ^- -—- =- 

1 + a 1 + b l + yjab ^ ^ ab + \ 3 + ab 

2 


ab + bc + ca + c 2 (a + c)(b + c ) (a + Z? + 2c) 2 
Dat t = a + b+2c,t > 0 ta co: 
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P + 2 > fit) = 16 ^ 2 + ^ + 61n?,r > 0; 

6 16(l + 2)_6? 2 -16i-32_(f-4)(6t + 8) 

/ W — } — 3 — ^ 

t t t t 

BBT 



Vay, GTNN cua P la +61n4 khi a=b=c=l. 

Cau 29: Cho a,b> 0 thoa man 2(a 2 +& 2 ) = a 2 Zr. 

Tim MinP, vai /> = — + — + ; 1 = , 

b +1 a +1 Va 2 +^ 2 +l 

Truong THPT Hung Vuong - Binh Phuac- Lan 1 
Lot gtat f/mra khdo 

Ta co a 2 b 2 =2 (a 2 +b 2> )>(a + b) 2 => ab>a + b 

a 2 +b 2 +\ = (a + b) 2 - lab + \<(a + bf -l(a + b) + \ = (a + b-P) 2 
=> yla 2 +b 2 +l<\a+b-l\ 


P = (-^— + + ll-2 + . 1 - (q + fr+ l)f—-—I—-—1+ ^^ =- 

V^ + l J V« + l J yja 2 +b 2 +1 V a + 1 £ + ly Va 2 +^ 2 +l 


>(q + 6 + l) 


q + & + 2 |a + fc-l| 


Dat t =a+b, ta co (a + &) 2 < 2(a 2 + & 2 ) = {abf < =>a + b> 4 

Xet f(t) = — —- + ——2;t>4 ta duoc MinP=Mmf(x) = -khi x = y = 2 
J y ’ t+2 t-1 ’ W 3 
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Cau 30: Cho a, b, c > 0 thoa man a + 2b > c va a 2 + b 2 + c 2 — 2 = ab + be + ca . Tim gia tri Ion nhat 
a + c + 2 a + b + 1 


cua bieu thuc P = - 


a b | c | a. | 6 ■ f 1 a \ c a ■ 2b c 

Truong THPT Hung Vuong - Binh Phuac - Lan 2 


Lbi gidi tham khdo 


2 -|- ab be + ca, — a -f - b -\- c + a 2bc 

=b 2 ab + ac+l >a % +ab + bc + ca =b 2 ab \ ac 1 > a + b ft+c 
a + b a + c 


^ ab T ac T1 ^ - 


a b a + c 

a b + c ToT&Tl^-b a+b 


^ a b + c 1 fl • * 6 1 ^ 


a + b a + c + 2 


a ~b c ~b 2 


a b • b c • a | 6 | 1 a | b 


a + c a + 2b — c <— a + c + a+2b — c = a +b 
4 

a + b +1 <z -b 6 -b 1 1 1 

=>-->-=-H- 

a + c a + 2b — c a + b 2 a + b a+b 2 

Khi do P < —- 1 - 1 -= —--- -t = > 0 

a+b a+b a+b a+b a+b a+b 


Xethamso if t = t -t 2 ]t > 0,f' t =1-2 t,f' t =0 ++£ = - 


t 

0 - +00 

2 

r W 

+ 0 - 


I v 

/« 

^ 4 \ 


0 


, ,, D 1 „ . 2 + yfl , 2-^2 

Ket luan: MaxP = —,khi a = - ,b = c = - 

4 2 2 


Cau 31: Cho a, b la cac so' thuc thoa man : a + b = 2sja + 2 + 3^//?-2014 + 2012. Tim gia tri Ion nhat 

' i» ’ u•*’ .i / rr, / n \2 ( u n \2 2015 + 2aZ?-\/a+& + l 

va nho nhat cua bieu thuc : T = (a-l) +(b- 1) +- . - 

V ' V ' y/a + b + 1 

Truong THPT Dong Xoai - Binh Phuoc - Lan 1 
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Lai gidi tham khdo 


T ={a + b + \) L -4{a + b + \) + 5 + 


2015 
yja+b +1 


Max= T = 4096577 + 


Min= T = 4044122 + 


2015 

V2026 

2015 

V2013 


Cau 32: Cho a, b, c la ba so' duong. Tim gia tri Ion nhat cua bieu thuc: 
1 2 


yja 2 + b 2 +c 2 +1 (a + l)(Z? + l)(c + l) 

Truong THPT Dong Xoai - Binh Phiroc- Lan 2 


Lai gidi tham khdo 

vb 2 +c 2 +\> ^ a+ ^ + =l|^( a + ^) 2 + ( c + i) 2 j> l( a + ^ + c + i) 2 


(a + l)(& + l)(c + l)< 


Yay P < - 


2 2 2L v ' v ' J 4 V 

cz +1 + b +1 + c + l^i f q + Zz + c + 3^ 


54 


+ b + c +1 (a + 6 + c + 3) ; 
2 54 


(i + 2) 3 


-fit) voi t = a + b + c + l (?>1) 


2 162 , _ U = 4 

/ (0 = —j + 7- 74 ; / 0 = 0» 1/; 

* (l + 2) L? = l(/oaz) 


f'(t) 


f(t) 
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Vay gia tri Ion nhat cua P = — khi 


a+b+c =3 

a = b-c <^>a = b = c = l 

c = 1 


Cau 33: Cho cac so' thuc duong a,b,C. Tim gia tri nho nhat cua bieu thuc sau: 

2 3 


P = 


a + Vab+Vabc V a + b + c 


Truong THPT Dong Xoai - Binh Phuoc - Lan 3 


Lai gidi tham khdo 

Ap dung bat dang thuc Cosi ta co 

t-r % rz — 1 a + 4b 1 a + 4b + 16c 4, , >. 

a + Vab + x/abc <a + -.-+ -.-=-(a + b + c). 

2243 3 V 

Dang thuc xay ra khi va chi khi a = 4b = 16c. 

3 3 

Suy ra P > 


2(a + b + c) >/ a + b + c 


3 3 

Dat t = a + b + C, t > 0 . Khi do ta co: P >-= 

2t Vt 

3 3 3 3 

Xet ham so' f (t) = -voi t > 0 ta co f '(t) =-^-- . 

W 2t VT W 2tVt 2t 2 

r(t)=oo-k—T =0 <=> t =i 

V ; 2tVt 2t 2 


Bang bien thien 


t 

—oo 0 1 +oo 

r(t) 


0 + 

f(<) 


/. 

3 

2 


VI CONG DONG - THAY TAI - 0977.413.341 


27 





























Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


TAI LIEU LUYEN THI THPT QUOC GIA 2016 


Do do ta co minf (t) = — khi va chi khi t = 1 

t>o w 2 

3 , fa + b + c = 1 16 4 1 

Vay ta co P >-, dang thuc xay ra khi va chi khi < <^>a = — ,b = — ,C = —. 

2 a = 4b = 16c 21 21 21 


Vay gia tri nho nhat cua P la — khi va chi khi (a,b,c) = f —,—,— 

' 2 v ; 121 21 21 


Cau 34: Cho cac so'khong am a,b,c thoa man a + b+c = 3. 

Tim gia tri Ion nhat cua bieu thuc P = (a-b) 3 + (b- c ) 3 + (c - a) 3 

Truong THPT Chuyen Quang Trung - Binh Phuoc - Lan 2 


Lot giai tham khao 

Gia thiet cho 2(a " +b ^ + 8c ' = ^ + b ^ c <=> \ c<a 2 +b 2 < 8c ] 

Ta co: 

p ^ b+ c)\ a+ c-^) + (a + c)\b + c-^) +l6 ^ ri =(i , +c)2 _ 2 /<^T + y±rfV 16 ^n 

a + c b + c a + c b + c J 

BCS _ _ __ 

< (b + c) 2 + (a + c) 2 -2c(a + b + 2c) + 16\/c + l < 8c-2c 2 + 16-Jc + 1 
Xetham /(c) = 8c 2c 2 + 16Vc+l voi c (0;+ ) co f(c)-0<^>c-3. 

Dua vao bangbien thien ta co P max = 38 khi c = 3 a-b = 2>/3. 


Cau 35: Cho a,b,c thuoc doan [1,2]. Tim gia tri nho nhat cua bieu thuc: 


a (b + c) 2 + 2 be 


4b + 4 c c 2 + 4 be 


Truong THPT Quang Trung - Binh Phuoc - Lan 1 


Lot giai tham khao 




4b + 4c c 2 + 4bc 4ba + 4ac c 2 +4bc c 2 + 4ab + 4c(a +b) 


( a+f> ) 2 


c 2 +(a + b) +4 c{a + b) t +4? + l 


' 2 =/(<),* = — €[ 1:4] 
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, 9 1 + 4r 

Khi do f (t) = , 9 >0 

(t 2 +4t+l) 2 

1 r , c 

P > /(1) - —. Da'u bang xay ra khi a = b = —. 

6 2 

Cau 36: Cho x, y, z la cac so'thuc duong thoa man x>y>z va x + y + z = 3. Tim gia tri nho nhat 

cua bieu thiic: P = — + — + 3y. 

z y 

Trircmg THPT Nguyen Huu Canh - Binh Phuoc - Lan 1 


Lin gidi tham khdo 


Taco — + xz>2x, — + yz>2z . 

z y 


Tu do suy ra P = — + — + 3y > 2x - xz + 2z - yz + 3y 
z y 

= 2(x + z) + y(x + y + z)-xz-yz- 2(x + z) + y 2 + x(y - z) 

Do x > 0 va y > z nen jc(y - z) > 0. Tir day ket hop vdi tren ta dupe 

P = — + — + 3y> 2{x + z) + y 2 = 2(3 - y) + y 2 = (y -1) 2 + 5 > 5. 

z y 

Vay gia tri nho nhat cua P bang 5 dat khi x=y=z =1 

Cau 37: Cho ba so' thuc x, y,z thoa man: x 2 + y 2 + z < 2x — 4y — 1. Tim gia tri Ion nhat va gia tri 
nho nhat cua bieu thuc T = 2(x + z)-y. 

Truong THPT Nguyen Huu Canh - Binh Phuoc - Lan 2 
Lin gidi tham khdo 

x 2 + y 2 + z 2 <2x-4y-lo(x-l) 2 + (y + 2) 2 + z 2 <4 (l) 

Trong khong gian vdi he toa do Oxyz . Xet mat cau: 

(5):(x-l) 2 +(y + 2) 2 + z 2 =4. Co tarn /(l;-2;0),bankinh R = 2. 

Xet mp (a):2x-y + 2z-T = 0 

G/s M(x;y;z).Tu (l)co diem M nam ben trong (5) va ke ca tren mat cau (S) 

^d(/,(u))</?^t_Zl<2^-2<r<10 
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• Voi T = -2 thi M la giao diem cua mp(/?): 2x-y+2z + 2 = 0 
Va duang thang A di qua I va 1 (/?). 


f x = 1 + 2t 

/ 

A:\y = -2-t 

=> M 

[z = 2t 

V 

Voi T = 10. Tuong tu M | 

" 7 . S. 4 ' 

,3’ 3 ’ 3, 


f-i;- 4 ;- 

1 3 3 


1 


Vay min 7 = -2 khi < max 7 = 10 khi 

H = -f 


7 

x = — 
3 


Cau 38: Cho ba so' thuc duong x,y,z. Hay tim gia tri Ion nha't cua bie’u thuc: 
4 9 


Jx 2 + y 2 + z 2 + 4 (. x+y)yj(x + 2z)(y + 2z ) 

Truong THPT Nguyen Huu Canh - Binh Phuoc - Lan 3 


Leri gidi tham khdo 

* x 2 + y 2 + z 2 + 4 = ^[{x 2 + y 2 ) + (x 2 + y 2 ) + (z 2 + 4) + (z 2 + 4)J > ^\{x 2 + y 2 ) + 2xy + (z 2 + 2 2 ) + 2z ] 
= \[^+yf+(z+^ 2 ]^\[^+yf+(^^ 2 +^+y)(z+2)]> 1 -( x+ y + z + 2f 

* (jc+y)^/<y+2ij(yT25)<(jc + y)|(jc + y+ 4z) =i(3 JC + 3y)(jc+y + 4z) (1) 

Vi yj{3x + 3y)[x+y+4z) <—{3x + 3y + x+ y + 4z) =2 (x+y + z) nen 


(1 )«(x + y) y l{x+2z){y + 2z)<^{x + y + zf 


Vay P< 


x + y + z + 2 2 (x+y + zf 


Dat t = x+y + z, xet ham so' f(t) = — voi t >0 

w t + 2 21 2 

„ , j.,j \ 8 27 ,/ \ — St 3 + 2t~ + 108? +108 5 

TaCO f (,) -J^y + T f W--^-' f (t) = 0 ot = 6 =>/(6) = — 
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t 

0 

6 

+00 

/'(0 


0 


/« 


5 \ 




8 



Vay P< — . Suy ra max P = — khi j ^ Z ox = y = z = 2 . 

8 8 [x = y = z 


Cau 39: Cho x, y, z la' cac so' thirc duong thoa: xyz = 1. Tim gia tri nho nhat cua bieu thuc : 


•* (y + z) , y (z + *) 


z (* + y) 


yyfy+2zy[z zjz + 2x\[x x\[x+2 yjy 


Truong THPT Ha Huy Tap - Lan 1 


x 2 (y + z ) , y 2 (z + x ) 


Lot gidi tham khdo 

z 2 (x + y) 


yjy + 2 zy[z zy[z + 2x\Jx xyfx + 2 yjy 
u giai thiet x 2 (y + z) > 2 x 2 yfyz = 2x 2 .<J^~ = 2x\fx 

Tuongtir: y 2 (z + x) > 2y*Jy\ z 2 (x + y)>2zy[z 

'u- a ' , 2 y^fy , 2 z^z 

Tu do A pg " -p + — -j= —x—- = 

yyjy+2z\lz zylz + 2xyjx x\/x +2y- s Jy 


I a = x\[x +2 yyjy 
b = yy[y +2 z-Jz - 
c = Z\[z + 2xy[x 


Xyfx = 

r 1 

y\ly=- 

Zyfz - 


4c + a -2b 


4b + c-2a 


^ 2f4c + a-2Z? 4a + Z?-2c 4b + c-2a 
Bat dang thuc tro thanh: A > — I- 1 - 1 - 


., c a b) (a b c , , 

4 It + - + - + T + - + -I- 6 

b c a) \b c a 


b 

>2 


Ket luan Min A = 2 khi x = y = z =1. 
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Cau 40: Cho ba so thuc duong a, b, c thoa man a e [0;1 ],& e[0;2],c e[0;3]. Tim gia tri Ion nhat cua bieu 
_ 2(2 ab+ac+bc) 8 -b b 


thuc P = : 


l+2a+b+3c b + c+b<d+c)+ 8 ^j\2a 2 +3b 2 +21 c 2 +8 ' 

Truong THPT Anh Son 2 - Nghe An - Lan 1 


Lin gidi tham khdo 


Ta co a e [0; 1], b e [0;2],c e [0;3] 

(1) 


(1 -a)(b + c)> 
(2 -b)(a 


+c)>o fi 
<=>< 

!+c)>0 [: 


2a + 2c>ab + be 


>2a + b + 3c> 2ab + bc + ac 


2(2 ab + ac + be) 2(2 ab + ac + be) 

\ + 2a + b + 3c 1 + 2 ab + ac + bc 

Matkhac b+c>a(b+c) vi ae[0; 1], suy ra 

8 -b < 8-fr _ 8-fr 
&+c+&(a + c) + 8 a(£ + c)+Z?(a + c) + 8 2a£+&c + ac + 8 

Voi moi so' thuc x, y, z ta co (x - y) 2 + (y - z ) 2 + (z - x) 2 > 0 <=> 2(x 2 + y 2 + z 2 )> 2xy + 2yz + 2 zx 

<=> 3(x 2 + y 2 + z 2 ) > (x + y + z ) 2 (2). Ap dung (2) va (1) ta co 

yj\2a + 3b 2 + 21c 2 = ^3[(2 a) 2 + b 2 + (3c) 2 ] >^(2 a + b + 3c) 2 =2a + b + 3c>2ab + bc + ac 

=> , - * - 

yl2a 2 + 3b 2 + 27c 2 + 8 2ab + bc + ac + 8 

2(2 ab+bc + ac) 8 -b b 


Suy ra P < 
=> P< 


1 + 2 ab + bc + ac 2ab + bc + ac + S 2ab + bc + ac + S 
2(2 ab + bc + ac) 8 


1 + 2 ab + bc + ac 2ab + be + ac + 8 


. Dat t = 2ab+bc+ac voi t e [0; 13]. 


Xethamso f(t) = ^- + -^-;te[ 0;13] = S ;f'(t) = 0ot = 6. 

t +1 t + 8 (t +1) (t + 8) 

Tinh /(0) = 1; /(6) - j ; /(13) = ^ => f(t) < j , Vt e [0,13] va f(t) = j khi t = 6. Do do P < j . 

Khi a=l:b = 2;c = — thi P = —. Vay gia tri Ion nhat cua P la —. 

3 1 ' y6 1 


Cau 42: Cho x, y, z la cac so' thuc duong thoa man x 2 + y 2 + z 2 = 2x. 

x + z z 4x 2 


Tim gia tri Ion nhat cua bieu thuc P = 


x + 2y + l y + 1 (x + y)~ 

Truong THPT Thuc Hanh Cao Nguyen - Tay Nguyen- Lan 1 
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Lbi gidi tham khdo 

GT => 2x+2xy = z +(x+ y) 2 > 2z(x+ y) -Ax + xy > xz + yz (l) 

Dau bang khi x+y = z 

T , , , Z . X x + z . X 

Tu (1) va x, y, z duong suy ra -<-, - 


y +1 y +1 x+2y+l x+y 

2 

x+y J 

Dat t = * >0—> P<2t-At 2 . Xetham so' /(?) = 2t-4t 2 ,0< t <1 
x + y 

Lap BBT cho ta f{t)<f ^ j = ^ 


Ket luan: MaxP = - <» (x; y; z) = \ —; —; — 
4 v ’ U3 13 13 


Cau 43: Cho cac so'thuc a, b, c thoa man a>b>cv a a 2 +Z> 2 +c 2 = 5. 

Chung minhrang: (a- b)(b-c)(c-a)(ab+bc+ca)>^X 

Trirang THPT- Doan Thi Diem - Khanh Hoa - Lan 1 


Lbi gidi tham khdo 

Ap dung BDT Cauchy cho 3 so' duong ta co: 3 = ab+bc+ca> 3 %J(abc) 2 => abc < 1. 
Suy ra: 1 + a 2 (b + c) > abc + a 2 (b+c) = a{ab+be + ca ) = 3 a~ 


1 r^a). 


1 +a (b+c) 3 a 


Tuong tu ta co: --< — (2),-—^-< — (3). 

& ‘ 1 +b 2 (c + a) 3b l + c 2 (a+b) 3c 

Cong (1), (2) va (3) theo ve'voi ve'ta co: 


1 


1 


1 


11 1 L ab+bc+ca 1 

-<-(- + - + -) = —-*—□. 


1 + a (b + c) 1 +b~(c+a) 1 +c (a+b) 3 c b c 3abc abc 

Dau "=" xay ra khi va chi khi abc - 1, ab+be+ca = 3 => a = b = c = 1, (a, b, c > 0). 


Cau 44: Cho x, y, z la cac so' thuc duong thoa man xy + yz + zx = 3. Tim gia tri nho nha't cua bieu 

thuc S = , ^ ^ + j = + Jx 2 + y 2 + z 2 +1 

yy 3 + 8 y z 3 + 8 yx 3 +S 

Truong THPT Doan Thupng - Hai Duong - Lan 1 


Lbi gidi tham khdo 
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Ta co (x+y + z ) 2 >3(xy + yz + zx) = 9 => A + y + z > 3 

Mat khac (x+y + z + l) 2 <4(x 2 + y 2 + z 2 + 1)=> Jx 2 + y 2 + z 2 +l>-^(x+y + z + l)>2 

Dang there xay ra x — y — z — 1 


< (y+2) + (y 2 -2y+4) = y 2 -y + 6 
2 2 


2x 2 


■Jy 3 + 8 y 2 -y+6 

x 2 y 2 2 


Terong ter cong lai ta deroc 


= >2 


^y 3 + 8 V7+8 V* 3 + 8 [y 2 ~y + 6 z-z + 6 x 2 -x + 6 

Dang there xay ra x = y = z = 1 

1 , y 2 , z 2 ^ (x + y + z ) 2 


Ta lai co - 


y — y + 6 z ~ z + 6 x — x + 6 y — y + 6 + z — z + 6 + x — x + 6 
(x+y + z) 2 


(x+y + z) -(x + y + z)+ 12 
Dat t = x + y + z,t> 3 va xetham so' fit) - 


t 2 -t +12 


-,f >3 


Ta co / ’(0 = 


-t 2 + 24t 

(t 2 -t + 12) 2 ’ 


/’(0=0<=>f = 0,f = 24 


=^> min/(0 = 

[3;+=°) J 


]_ 

2 



S> 3, 5 , =3<^>x = y = z = l. Vay minS =3 


Cau 45: Cho a, b, c la cac so' there derong thoa man a 1 +b 2 +c 2 = 3 . Tim gia tri Ion nha't cua bieu 


ab 


be 

3 + a 2 


a 3 b 3 + b 3 c 3 
24a 3 c 3 
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Truong THPT Doan Thupng - Hai Duong - Lan 2 | 


- Ap dung bat dang thuc Cosi ta co : 
ab be ab 


Ldi giai tham khao 

be 


3+^ 3 + a’ ( c W) + (c^) (a^) + (aW) 


ab 


be 


2 J(c 2 +a 2 ^c 2 +b 2 ^ 2^ a 2 + b 2 ^{a 2 +c 2 
b 2 


2 \ 41 c 2 +a 2 c 2 +b 2 a 2 +b 2 a 2 + c 2 


1 f. b 2 b 2 Vlf, b 2 b 2 ] if, b b\ 1 Ifb b 

= 4 1 + 7TF + 7TF \ 4 V + Tbp2ri\ = z\) [+ Tc + 2^r~A + A~c + ~a 


Xet bat dang thuc : x 3 + y >—(x+y) 3 (phdi chung minh bdt nay) 


< , a*b 3 +b*c*(ab+bc) 3 Ifb b 

F ' 8 c 3 a 3 4c 3 a 3 4lc a 


>P <k + i(t + tf±(t + t 

4 8lc a) 96Ic a 


Dat t = — +—, khi do t >0 va P< — —t 3 +-t +—. 
c a 96 8 4 

Xet ham so' fit) = — —t 3 + —t + — voi t > 0. 

7 96 8 4 


Taco /'(0 = -^ 2 +^ ; f\t) = 0ot = % vi f>0. 


t 

0 2 

+ oo 

f\t ) 

* 0 



5 


fit) 

12 \ 



Suy ra bang bien thien: 


Dua vao bang bien thien ta co P < —, dau dang thuc xay ra khi va chi khi t = 2. 
Vay gia tri Ion nhat cua P la dat dupe khi a = b = c - 1 


Cau 46: Cho ba so' duong x, y, z thoa man: x+y+z = 1 


Tim gia tri nho nhat cua: P = 


Ta co 

x + y + z= l=> x + y = l-z 


y+z z+x 


fxy + z fyz + x fzx+y 

Truong THPT Dong Du - DakLak- Lan 1 
Lot giai tham khao 
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x + y 


1-z 


1 -z 


yjxy + z Jxy + l-x-y ^(1-^(1- y) 
y + z _ 1 — x _ l-x 


s/yz + x Jyz + l-y-z ^/(i-yKl-z) 
z + x _ 1 -y _ l-y 


■Jzx + y yjzx + l-x-z yj(l-x)(l-z) 
Khi do 

x+y y+z z+x 


P = - 


sjxy + z yjyz + x ■yjzx+y 
1-z l-x 


i-y 


' yj(l-x)(l-y) yl(l-y)(l-z) V(1 -X)(\ -z) 
yo-x)( 


i-y 


-jc)a-y) (i-y)(i-z) (i-*)(i-z) 

l 


Vay Min P = 3 khi x = y = z = - 


Cau 47: Cho x, y, z la ba so' duong co tong bang 1. Tim gia tri Ion nhat cua bieu thuc sau: 

P = ^I+^7+^1. 

Truong THPT Dong Du - Dak-lak- Lan 2 


Lot gtat f/mra khao 


t- Ap dung BDT AM-GM, ta co 

l(l-x).-< 1 -^3- = — 

V ’ 3 2 6 

t- Tuong tu, ta thu dupe 


3 6 6 6 


IZ 72 (7 TT |7 7T 5-3x 5 -3y 5-3z 

+ Suyra P<7 6 

+ Dau bang xay ra khi x = y = z — — • 


- THAY TAI - 0977.413.341 


36 




































Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 

TAl LIEU LUYEN THI THPT QUOC GIA I 2016 


Cau 48: Cho 

a,b,c la 

cac so' duong va 

a+b+c = 3. Tim gia tri Ion nhat cua bieu there: 

p= J^ + - 

ca 

1 - + 

ab 


V3 a + bc 

\j3b + ca ' 

J3 c + ab 

Truong THPT Dong Du - Dak - Lak - Lan 3 


Voi a + b + c = 3taco - 


Lot giai tham khao 

be be 


13a + be y]a(a + b + c) + bc y](a + b)(a + c) 


s *u_ + _l 

2 ya + b a + i 


Theo BDT Co-Si: 

Twang ter 
Suy ra P < 


a + b a + c J(a + b)(a + c ) 


, da'u dang there xay ra <=> b = c 


cal 1 1 


\j3b + ca 2 yb + a b + c) \j3c + ab 
bc + ca ab+bc ab + ca a+b + c 3 


2 ^c + a c + b 


2 (a + b) 2 (c + a) 2 (b + c ) 


Dang there xay ra khi va chi khi a = b = c = 1. Vay max P = — khi a = b = c = 1. 


Cau 49: Cho cac so' there x, y thoa man x + y -1 = \jlx-A + ~Jy + \ . Tim gia tri Ion nhat va gia tri nho 
nhat cua bieu there: S = (x+ y) 2 -^9-x-y 

■sjx+y 

Trirdng THPT Dong Gia - Hai Dirong - Lan 1 
Lot giai tham khao 

Dieu kien: jc > 2 ;y > -1;0< jc+ y < 9; 

Ta c6 0<x+y-l = 'f2.yf^2 + l. y [J+i< y j3(x+y-l)^(x+y-V) 1 <3(x+y-r) 

=^0<je + y-l<3^1<jc + y<4. 

Dat t = x+y,t e[l;4], ta co S =t 2 -y/9-t+-^ 

y/t 

S'(t) = 2t-\ - / - ->0, Vt e[l;4]. Vay S(t) dong bie'n tren [1;4]. 

2\]9-t 2 ty/t 

Suy ra 

= S(4) = 4 2 -^/9^4 + -j== 33 ~ 2 ^ <^Jt = 4;y = 0; 

V 4 2 

5 Bln =S(l) = 2-2^oj = 2;p-l. 
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Cau 50: Cho a, b, c la cac so' thuc duong thoa man a+b+c=3. Tim gia tri Ion nha't cua bieu thuc 

2 


P = - 


abc 


3 + ab + bc + ca ^(l + a)(l + &)(l + c) 


Truong THPT Dong Xoai - Binh Phuoc - Lan 2 


Lot gidi tham khdo 

Ap dung Bat dang thuc (x + y + z) 2 > 3(xy + yz + zx),Vx, y,z el ta c 6: 

(ab + bc + ca) 2 >3abc(a + b + c) = 9abc>0 
=>ab + bc + ca> 3 yfabc 

Taco: (l + a)(l + &)(l + c) > {x + yjcibc j ,\/a,b,c> 0. Thatvay: 

(l + a) (l + Z?)(l + c) = 1 + (a + b + c) + (ab + be + ca) + abc> 

1 + 3 y/abc + 3 ij(abc) 2 + abc = (l + yjabc^ 

2 yfabc 


Khi do P < 


3^1 + 4abc^ l + yfabc 


+ = Q « 


Dat yjabc = t.Yi a,b,c > 0 nen 0 < abc < ( a+ ^ + c | = 1 


Xet ham so' Q = 


>6= 7 2 t e (0; l] 

3(l + L 3 ) 1 + t 2 V J 

>QV)= ( J} V te(0;l] 

( 1 + ? ) ( 1 + t ) 


Do ham so' dong bie'n tren(0;l] nen Q = Q(t ) < Q{\) = - (2) 


Tu (1) va (2) suy ra P < — 

6 


Vay max P = —, dat dupe khi va chi khi: a = b = c = 1. 
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Cau 51: Cho cac so' thuc duong a, b thoa man a 2 + 2b = l2. Tim gia tri nho nhat cua bieu thuc: 


b 4 8 (a-b) 

Truong THPT Dong Dau - Vinh Phuc - Lan 2 
Lai giai tham khao 

Tir gia thie't va bat dang thuc CoSi ta co: 

a 2 +2Z? = 12 <=> a 2 +4 + 2Z? = 16 <=> 4a + 2& <16 <=> 2f4a.2b < 16 <=> 0 < < 8 

„ A , a 2 b 2 (4 4) ab 5 1 f a 2 b 2 ) 5 1 

64 U b A J 8 8 (a-bf 16^ 2 a 2 ) 64 a + b 


- + 2 
b a 


Dat t = — + — (t>2), taco P>—1 2 + — - 

b a 16 64 f-2 8 


Xet ham so' f(t) = — t 2 + —. — -- tren (2; +co) 

16 64 t-2 8 

Ta co = —-— -r ; / '(0 = 0ot = — 

8 64 (t-2) 2 2 


t 

2 f + w 

fit) 

0 + 

fit) 

HM» -Too 

Z7 

TZ 


Tu bang bien thien ta co min fit) = / 

27 i 

Suy ra P > —, dau bang xay ra khi a = 2, b = 4. 

27 

Vay P dat gia tri nho nhat bang — khi a = 2,b = 4. 


Cau 52: Cho a,b,c la nhung so' duong thoa man: a 2 +b 2 +c 2 = 3. Chung minh bat dang thuc 
1 | 1 | 1 > 4 | 4 | 4 

a+b b + c c+a a 2 + 1 b 2 +7 c 2 + 7 

Truong GDTX Cam Lam - Khanh Hoa - Lan 1 
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Lai gidi tham khdo 


, , , 11 4 

Ap dung bat dang thuc — + — >- (x > 0, y > 0) 

x y x+y 


a+b b + c a + 2b + c b + c c + a a+b + 2c c+a a+b 2a+b+c 
Ta lai co: 

1^2 2 


2 a + b + c 2a +b+c +4 a +7 


- <=> 2 a 2 + b 2 + c 2 + 4 - 4a - 2b - 2c > 0 


Tuong tu: 


«2(a-l) +(*-1) +(c-1) >0 
12 12 


2 b + c + a b +7 2 c + a + b c +7 


rp \ a. / 1 1 14 4 4 

Tu do suy ra -+-+-> —r-+ —r-+ —- 

a + b b + c c + a a +1 b +1 c~ + 1 

Dang thuc xay ra khi va chi khi a = b = c = 1. 

Cau 53: Cho cac so' x, y, z la nhung so' thuc duong thoa man: ^Jxy + Jyz + \fzx = 1 . Tim gia tri nho 

, , x 2 v 2 7 2 

nhat cua bieu thuc: A = -t- —-h —— 

x+y y + x z + x 

Truong GDTX Cam Lam _ Khanh Hoa - Lan 2 


Lai gidi tham khdo 

Ap dung bat dang thuc Co Si, ta co: 

* 2 xy xy Jxy 

x + y =X - x + y - X - 2 ^ = X - 2 
= -t 2 ^ T 
x+y 2 

Dang thuc xay ra khi va chi khi x = y 

y 2 v yz ’ 

Chung minh tuong tu ta co:-> y — —— (2) Dang thuc xay ra khi va chi khi _y = z 


( 1 ) 


T + Z 


4xz 


-> z -(3) Dang thuc xay ra khi va chi khi x = z 

x+z 2 


Tir (1); (2); (3) suy ra A> x + y + z~— Dang thuc xay ra khi va chi khi x = y = z 
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Chi ra duoc: x + y + z > yjxy + sjyz + yfzx ^ x + y + z> 1 


Dang there xay ra khi va chi khi x = y = z = — 

Khi do: A > 1 - ^ ^; Dang there xay ra khi va chi khi x = y = z = ^ 

TTA » l l 

V ?y A min = 2^ X= > ; = Z= 3 

Cau 54: Cho a, b, c la cac so'there dirong thay doi thoa man: a + b + c = 3. 

_ , . . i 2,2 2 ab + bc + ca ^ . 

Chung mmh rang: a +b +c + —^——-— > 4 


ab+bc+ca 

:Trircmg GDTX Nha Trang - Khanh Hoa - Lan 1 


Lai gidi tham khdo 

Ta co: 3(a 2 + b 2 + c 2 ) = (a + b + c)(a 2 + b 2 + c 2 ) = a 3 + b 3 + c 3 + a 2 b + b 2 c + c 2 a + ab 2 + be 2 + ca 2 
ma a 3 + ab 2 >2a 2 b 
b 3 + be 2 >2b 2 c 
c 3 + ca 2 >2c 2 a 

Suy ra 3(a 2 + b 2 + c 2 ) > 3(a 2 b + b 2 c + c 2 a) > 0 


Suyra VT >a 2 +b 2 +c 2 +- 


a+b+c 

Dat t = a 2 + b 2 + c 2 , ta chung minh diroc t >3. 

9 -t t 9 t 1 31 

Suyra: VT>t + —= - + — + ---> 3 + --- = 4 ^VT>4 
7 2t 2 2t 2 2 2 2 

Dau bang xay ra khi va chi khi a = b = c = l 


, 9-(a I +b 2 + c 2 ) 
2 (a 2 +b 2 +c 2 ) 


Cau 55: Cho cac so' there duong a,b,c. Tim gia tri nho nha't cua bieu there: 

p _ 4a 3 + 3b 3 + 2c 3 - 3b 2 c 
(a + b + c) 3 

Truong GDTX Nha Trang - Khanh Hoa - Lan 2 
Lai gidi tham khdo 

+ Theo bdt Co-si: 3 b 2 c < 2 b 3 + c 3 (*). Dau = xay ra khi b=c 
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Ta se cm :b 3 +c 3 > ( **);\/b,c >0. That vay : 

(**) <=> 4 (b 3 + c 3 ) > b 3 + c 3 + 3b 2 c + 3bc 2 <=> b 3 + c 3 - b 2 c - be 2 > 0 <=> (b + c)(b - cf > 0 
Dieu nay dung \/b,c > 0 ; dau = xay ra khi b=c 

4 « 3 + — 1 

+ Ap dung(*), (**) ta dupe P > - + — (1—f) 3 ; voi t = va t e(0;l) 

(a + b + c ) 4 a + b + c 

+ Xet f (t) = 4t 3 + -tf ;t e(0;l). Ta co f'{t) = \2t 2 --(l-t) 2 -f\t) = 0<^t = \ 

4 4 5 

BBT tO 1/5 1 

f'(t) 

f(t) giam 4/25 tang 


4 

Suy ra P > —; Dau = xay ra khi 


b = c 


1 <=>2a=b = c 


a+b+c 5 

Cau 56: Xet cac so'thuc x, y thoa man dieu kien : x - 3-Ac + l = 3-^y + 2 - y. Tim gia tri Ion nhat va 
nho nhat cua bieu thuc : P = x + y. 

Truong THPT Hoang Hoa Tham - Lan 1 


Lai gidi tham khdo 

Gia su T la tap gia tri cua P, khi do ta di tim m de he + ' + ^ y + ^) m 

[x + y=m 

co nghiem. 


Dat u = slx + l > 0, v = sJy + 2 > 0, ta co : 


3{u + v)= 


u +v =m +3 


If m 

u.v = —- m- 3 

21 9 


(II) 


He (I) co nghiem khi va chi khi he (II) co nghiem (u; v) voi u > 0, v > 0 
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->o 

3 


- m -3 > 0 

3 


- >2 ——m-3 


9 + 3V2I 


< m<9 + 3Vl5 


if 


Vay tap gia tri T cua P la doan ^ + ^^ -;9 + 3 V 15 J, suy ra minP va maxP 


Cau 57: Cho cac so thuc duong a, b, c thoa man a + b + c = 1 

7 121 


Tim gia tri nhd nhat cua bieu thuc A = 


a 2 +b 2 +c 2 14 (ab + bc + ca) 

Truong THPT Yen My - Hung yen - Lan 1 


Lai gidi tham khdo 


Ta co 1 = (a + b + cf — a 2 + b 2 + c 2 + 2 (ab + bc + ca ) =>ab + bc + ca = 


Do do A = - 


l-(a 2 +6 2 +c 2 ) 


a 2 +b 2 +c 2 7(1 -(a 2 +b 2 +c 2 )) 

Bat t = a 2 -\-b 2 + c 2 . 

Vi a,b,c> 0 va a+b+c= 1 nen 0<a<l,0<&<l,0<c<l 
Suy ra t — a 2 + fe 2 + c 2 <a+&+c=l 

Mat khac 1 — ( 0 , b c) —cl -\-b +c 2 -|- 2 (ctb -T be T- cu) < 3(o -T b + c 2 ) 
Suyra t = a 2 +b 2 +c 2 >\. Vay t e| ^;11 


Xethamso /(?) = -+ , ; te -;1 

W t 7(l-t) [3 


/'(t) = —-y 4 - 

r 7(1 -tf 

f'(t) = 0ot = — 

W 18 
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324 r i A 324 

Suy ra f{t) > —; \/t e -;1 I . Vay A > vai moi a;b;c thoa dieu kien de bai. Hon nua, vai 


1 , 1 1 1V 

a — -:b — -;c — - thi 

2 3 6 


fc 2 =-^ . , 324 

18 va A — - 

7 


. , 324 

Vay min A — - 

7 


Cau 58: Cho a, b, c la ba so' thuoc doan [0; 1]. Chung minh: 
a b 


b+c +1 a+c+1 a+b+1 


+ (1 — a)(\ — b)(\ — c) < 1 


Truong THPT Hong Linh - Ha Tinh - Lan 1 


Lai giai tham khao 


Do vai tro a, b, c nhu nhau nen gia sir a < b < c, khi do: 

Dat S = a + b + c + l=>b + c+l = S- a> S-c 
a + c + l>S-c; 
a + b + 1 > S - c. 

Ta co (1 - a)(l - b) (1 +a +b) < 1 o 
<=> (1 -a -b + ab) (1 +a +b ) -1 < 0 
<=> - a 2 - b 2 - ab + a 2 b + ab 2 < 0 

<=> b( a + b)( a -1) - a 2 < 0 dung do a, b e [0; l] , Vay (*) dung. 
Ma (*) <=> (1 - a)(l - b) ( S - c) < 1 

<=>(l-a)(l-b)< -1-<=>(1 - fl )(l - b )(i- c )<^- 

Do do: 
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--7 +-7 +- - + 

b+c+l a+c+l a+b+l 

< a + ^ + C + 1 — c < $ ~ c _ i 

S — c S—c S — c S — c S — c 

_ dpcm. _ 

Cau 59: Cho a,b,c> 0 thoa man a + 2b > c va a 2 + b 2 + c 2 — 2 = ab + be + ca . Tim gia tri Ion nhat 
a + c + 2 a+b + l 


cua bie’u thuc P = - 


a b + c + a + b + 1 a + c a + 2b — c 

Truong THPT Hung Virong - Binh Phuoc - Lan 3 


Lai giai tham khao 

2 + ab + be T ca — a + b -He ^ a I 2be 

=/■ 2 ab -)- ac + 1 ^ or T ab + be + ca 2 ab T ac T 1 ^ a + b a + c 


=b ab + ac +1 > - 


a +b a+c 


a+b a + c 

b a b + c -b cj -b 6 -b 1 ^-K a+b 


*+ a b + c + 


a + b a T C + 2 


a + c + 2 


a b + c + a + b +1 a + b 


a + c a + 2b — c < — a + c + a + 2b — c = a + b 
4 

a T & +1 a + & 1 1 1 


a + c a +2b — c 


a + b 


a + b 


a+b 


Khido P< — -----= —---^— > 0 

a + b a+b a + b 2 a+b a + b 2 a+b 


Xethamso if t — t — t 2 ]t > 0,/' t =l-2£,/' t = ^ 


t 

0 — +00 

2 

n>) 

+ 0 - 

/(<) 

0 


Ket luan: MaxP = —,khi a = ^ ^ ,b = c = -—— 

4 2 2 
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Cau 60: Cho x, y, z la cac so'thuc duong thoa man x> y> z va A + y + z = 3. Tim gia tri nho nhat 


cua bieu thuc: P = — + — + 3y. 

z y 


Taco - + xz> 2x, — + yz>2z . 

z y 


Trirdng THPT Ke Sat - Hai Dirang- Lan 1 
Lai giai tham khao 


Tudosuyra P = —I-h3y >2x-xz + 2z~ yz + 3y 

z y 

= 2(x + z)+y(x+y + z)-xz-yz = 2(x+z) + y 2 +x(y- z) 
Do x > 0 va y > z nen x(y - z) > 0. Tu day ket hop voi tren ta dupe 

P = — + — + 3y> 2(x + z) + y 2 = 2(3 - y) + y 2 = (y -1) 2 + 5 > 5. 
z y 

Vay gia tri nho nhat cua P bang 5 dat khi x=y=z=l 


Cau 61: Cho cac so' thuc duong X, y sao cho X + y < 1. Tim gia tri nho nhat cua bieu thuc 

D 1 4 9 

P=-+—+- 


x y l—x—y 


Truong THPT Khanh Son - Khanh Hoa- Lan 2 
Lin giai tham khao 


. b c 4a . 4c 9a 9b n 
= 1 + - + - + — + 4 + — + — + — + 9 

-(HMHKf*?)*” <» 


Dat 1-x-y = z=>x+y + z = l 
Vi x+y+z = 1. Ta dat 

b 


a + b+c 


y = 


a+b + c 


(a,b,c> 0) 


Ap dung bat dang thuc co- si, ta co 

~ + ( 2 ) 

a b 


VI CONG DONG - THAY TAI - 0977.413.341 


46 













Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 

TAl LIEU LUYEN THI THPT QUOC GIA | 2016 

—+ —>6 (3) 

a c 
4c 9b 

^+->12 (4) 

b c 

Tir (1), (2), (3), (4) suy ra P > 36. 

^ „ „ , 1 1 
Dau = xay ra x = — v y = - 
6 ’ 3 

Vay min P = 36. 


Cau 62: Cho cac so' thuc duong a, b, c. 

Tim gia tri nho nha't cua bieu thuc M 


3 ci +3 b +25c 3 +2 
[a + b + c) 

Truong THPT Khoai Chau - Hung Yen- Lan 2 


Lot gidi tham khdo 

- Ap dung BDT Co - Si ta co: 2a 4 + (a 4 +1) > 2a 4 + 2 a 1 > 4a 3 hay 3a 4 +1 > 4a 3 . 

- Tuong tu 3Z? 4 +1 > 4b 3 => M > + ^ + ^ c 

(a + b + c ) 

Ma (a-b) [a + b^>0^>4{a 3 + b 3 ^>{a + b^ 

Y+gf- , r „ 

^ci-\-b-\-c^ ya + b + cJ \^ci-\-b-\-c) y ci-\-b-\-c 

Dat t =--- (0 < t < l) 

a+b+c v ' 

Xet ham so' / (t) = (l - 1 ) 3 + 25 1 3 (0 < t < l) 

co: /'(0 = -3[(l-0 2 -(*f]-/'(0 = °« 

Bang bie'n thien 


■Y + 25f—£—T 

) ya+b+c) 


t 

- °o ( 

5 

■ +- 

fit) 


0 + 

WWW 

fit) 

W 

\/ 

25 ' 

|| 


\\\\\ 

36 

WWW 
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Vay Minf it] =/(—] = — khi t = — hay Min M = — a = h= \,c = — . 

7 J {6j 36 6 y 36 5 

Cau 63:Cho hai so' duong x, y phan biet thoa man: x 2 + 2y = 12. 

A , 4 4 5 

Tim gia tri nho nhat cua bieu thuc P = — h—- H-—. 

x 4 y 4 8(x-y) 2 

Truong THPT Kinh Mon - Hai Duong - Lan 1 
Lot gidi tham khdo 

Tir dieu kien, dung bat dang thuc Cosi suy ra: 0 < xy < 8. 


Danh gia P>- 




_5_ l_ 

64' x y 


Dat t = — + —(t >2). Khi do P> — .(t 2 -2) + —Xet ham so' f(t) = -- (vdi t > 

y x y ’ 16 1 ’ 64 t-2 16 64 t-2 8 


y 

2) Tinh dao ham, ve bang bie'n thien, tim dupe: 


•„ _ /-f 5 l _ 27 Suy ra gia tri nho nhat cua P la — khi x = 2 va y = 4 

64 ' 64 


Cau 64: Cho hai so' thuc duong x,y thoa man 4 x 3 + 8y 6 -1. 


x -|- 2y -|- 2 

Tim GTLN cua bieu thuc: P = , n “ T 

5 x 2 + y 2 — 5 x + y +3 


Truong THPT Lac Long Quan - Khanh Hoa - Lan 1 


Lot gidi tham khdo 


Va,b>0 taco 4 a 3 +b 3 > a + b 


( 1 ) 


That vay: 

(1) 4=^ 4 a, H-b + ci +b +3ab(a+b) 4=^ 3 a 4b ^ 3ab(a-|-b) 

4=^ a + b a — ab + b + ab(a+b) •w* a + b a — 2ab + b~ + 0 

2 

<44>a + b a — b >0 ( 2 ) 
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Vi a,b>0 nen (2) luon dung . Dau "=" xay ra khi a = b. 

Suy ra (1) dupe chung minh. 

Ap dung bdt (1) voi a = x, b = 2y 2 , ta co : 

1 = 4 x 3 + 8y 6 - 4jx 3 + 2y 2 3 J > x + 2y 2 3 ^ x + 2y 2 < 1 

Lai co : 

5 x 2 + y 2 -5 x+y +3 = 5x 2 — 5x + 5/ — 5y + 3 

J 2 l) J 2 l) 10 0 J if J 1 

= 5 x 2 -x + - +5 y -y + - - — + 3 = 5 x —- +5 y-- 
I 4 4 4 2 2 


Do do 


P = - 


x + 2y 2 + 2 


1 + 2 

- <-= 54 


5x 2 +y 2 —5x + y +3 1 

2 



4 x 3 + 8y 6 


Ta co P = 54 khi 


x = 2y 2 


1 



= 1 


<^x = y = 


1 

2 


Vay Gia tri Ion nhat cua bieu thuc la Pmax = 54 ,dat dupe khi 


x 


= y = 


1 

2 


Cau 65: Cho cac so duong x, y, z thoa man dieu kien xy + yz + zx = xyz. 

Chiing minh rang : yfx+yz + yjy + xz + >/z + xy > yjxyz + Vx + Jy + yfz. 

Truong THPT Lac Long Quan - Khanh Hoa - Lan 2 


Lin gidi tham khdo 
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Bat a =-,b = -,c =- => a, b, c > 0 va a + b + c = 1 
* y * 

Bat dang thuc can chung minh ttrang duang: 

Va + be + y/b + ac + y/c + ab > yfab + yfbc + \ ac + 1 

That vay, 

yja + be = ja(a + b + c) + be = sja 2 + a(b + c) + be > 

Va 2 + 2 ayfbc+ be 


>yja+ be > 


(a + VR ) 2 


= a + yfbc 


Tuang ty, yjb + ac > b + yfac, 

Vc + ab > c + yfab 

Cong theo ve cac bat dang thuc tren ta ducrc: 

Va + be + y/b + ac + y/c + ab > yfab + yfbc + yfac + a + b + c 
<=>Va + be + y/b + ac + y/c + ab > yfab + yfbc + yfac + 1 =>dpcm 
Dau d5ng thu'c xay ra <=>a = b= c= ^ <=> x = y = z = 3 


Cau 66: Cho a,b,c la do dai ba canh cua mot tam giac thoa man 2 c + b = abc. Tim gia tri nho nhat 
3 4 5 


cua bieu thuc S = - 


b + c-a a + c-b a+b-c 


Truong THPT Lam Kinh - Lan 1 


Lin gidi tham khdo 


' , » 1 1 4 

Ap dung bat dang thuc —+ — >-,x>0, y >0. 

x y x+y 


S = -+ + 2( + ] + 3( -+ — 

b+c-a a+c-b yb+c-a a+b-cj ya+c-b a+b- 


c 2 4 6 

suy ra S > - + - + — . 

c b a 


HH + !)= 2 K)" 4Vi 

Vay gia tri nho nhat cua S bang 4 V3 . Dau bang xay ra khi a = b = c = yl 3. 


,12 2 4 

Tu gia thiet ta co - + — = a, nen —I-h 

c b c b 


Cau 67: Cho x,y,z la cac so' thuc thuoc doan [0;1]. Tim gia tri Ion nhat cua bieu thuc 
P = 2(x 3 + y 3 + z 3 )-(x 1 y+ y 2 z+ z 2 x) 

Truong THPT Le Loi - Thanh Hoa - Lan 1 
Lin gidi tham khdo 
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Dat f(x) = 2x 3 -yx 2 -z 2 x+2(y 3 + z 3 )-y 2 z .Ta co: 

f'(x) = 6x 2 -2yx-z 2 -,f(x) = 0ox = x l =-(y-Jy 2 +6z 2 y,x = x 2 =-(y + yly 2 + 6z 2 )Nhanxet: 

6 6 

x, £ (0;l), lap bang bien thien ta thay khi x 2 e (0;l) hay x 2 <£ (0;l) thi Max f(x) = Max {/(0); /(1)}. 

Ma /(0) = 2(y 3 + z 3 ) - y 2 z < 2(y 3 + z 3 ) -y 2 z + (2-y- z 2 ) = /(1) 

=> f(x)<f(l) = 2y 3 -zy 2 -y+2z 3 -z 2 +2 (1) 

Lai dat g(y) = 2y 3 - zy 2 -y + 2z 3 - z 2 + 2, 


g (y) = 6y 2 -2zy-l; g'(y) = 0<=> y = y 1 =\{z- V?+6);y = y 2 =^(z + V?+6) 

o o 

Nhan xet tuong tu suy ra Max g (y) = Max {^(0); g(l)}. 

ye[0;l] 

Lai co g(0) = 2z 3 +2-z 2 <2z 3 + 2-z 2 + (l-z) = g(l). Suyra 
g(y)<g(l) = 2z 3 +2-z 2 +(l-z) = 2z 3 -z 2 -z+3 (2) 


Cuoicungdat h(z) = 2z 3 -z 2 -z + 3 voi ze[0;l], k(z) = 6z 2 -2z-l. 


h(z) = 0o z x = -——; z 2 = ^ + ^ . Lap bang bien thien suy ra: Max h(z ) = ^(1) = 3 (3) 

6 “ 6 ze[0;l] 


Dau bang xay ra 6 (1), (2), (3) khi x = y = z = 1. 

Vay gia tri Ion nhat cua P la 3 dat dupe khi x = y = z = 1. 

Cau 68: Cho ba so' thuc duong x, y, z thoa manx > 2,y > l,z > 0 . Tim gia tri Ion nhat cua bieu thuc 

:P = _i_I_ 

2^x 2 + y 2 +z 2 -2(2x + y-3) y(x-l)(z + l) 

Truong THPT Chuyen Le Quy Don - Khanh Hoa - Lan 1 


Lot gidi tham khdo 

Dat a = x-2,b = y-l,c=z=>a,b,c>0 .Khi do: 

2-s/a 2 +b 2 +c 2 +1 (a + l)(b + l)(c + l) 

, , , fa + b) 2 (c+l) 2 1 , . 2 

a +b +c +1>-- - + - -^->-(a + b + c+l) 

2 2 4 V ' 


Dau “=" xay ra khi a = b = c = 1 . Mat khac 
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(a + l)(b + l)(c + l)< ( a + b * 7 C + 3 ) . Khi do: 

. Da'u "=" xay ra khi a = b = c = 1 . 


a + b + c + 1 (a + b + c + 3) 3 

1 27 

Dat t=a+b+c+l=>t>l . Khi do P<- T = f (t),t > 1. Ta co : 

t (t + 2) 3 U 

f .( t) = 4^JL T , t >l; 

^ ^ t 2 (t + 2) 4 

f '(t) = 0 «■ (t + 2) 4 = 81t 2 «• (t + 2) 2 = 9t(t > 1) 

<=> t 2 - 5t + 4 = 0 <i> t = 4(t > 1) 

Lap bang bien thien ham f tren khoang (l; +oo) . Ta co f co gia tri Ion nhat bang f (4) = ^ . 

f b 1 x =3 

Vay maxP = f (4) = -<=>J <t>a = b = c = l<^ y = 2 

3 w 8 a+b+c+l=4 

L z = 1 


Cau 69: Cho ba so' there duong x, y, z thoa man dieu kien x + y + z = 3. Tim gia tri Ion nhat cua bieu 
thuc P = (x + y)(y + z)(z + x) - \Jx - %fy - tfz 

Truong THPT Lirong The Vinh - Lan 1 


Leri gidi tham khdo 

Ap dung BDT Cosi: x 3 + \fx + yfx + %[x > 4x hay x 3 + 3%[x > 4x 
Tuong tu: y 3 + 3 %Jy >4 y; z 3 + 3\fz > 4z 

Cong timg ve BDT ta dupe x 3 +y 3 +z 3 +3^\[x+^fy + >/zj>4(x + y + z) = 12 / (1) 
Ta co: x 3 + y 3 + z 3 = (x + y + z) 3 - 3(x + y)(y + z)(z + x) 

Thay vao (1) ta dupe: 27-3(x + y)(y + z)(z + x) + 3^[x + ^fy +yfz j> 12 
Suy ra: P < 5 . Dang thuc xay ra khi: x = y = z = 1 


Cau 70: Cho cac so' thuc duong x,y,z. Tim gia tri nho nhat cua bieu thuc 


7x+ y + 4«Jxy +18.^xyz 2 


+ Ux+y + zf + 2 
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| Truong THPT Luang Tai 2 - Bac Ninh - Lan 3~| 

Lin gidi tham khdo 

Taco: 4 Jxy = 2y/xAy < x + 4y ; 18 Zjxyz = 3ZjxAy.9z <x + 4y + 9z 

Da'u “=" xay ra khi x = 4y = 9z 

Suyra P> + -(x+ y + zf + 2 

x+y+z 2 V ’ ’ 

Dat t = x+y + z,(t >0), xetham so' f{t) = ^t 2 + - + 2 (t>0) 

Lap bangbie'n thien tim dupe min f (t) = ^<=>t = \ 

. _ 7 36 9 4 

Vay minP = — <=>;t =—; y = — ;z =— 

2 49 49 49 


Cau 71: Cho x, y, z la ba so' thuc duong thoa man: x + y+z > 3. Tim gia tri nho nha't cua bieu thuc: 


P = - 


: + V8 + x 3 zx + yjs + y 3 xy + V8 + z 3 


Truong THPT Ly Thai To - Bac Ninh - Lan 1 


a b 2 c\ (a + b + c ) 2 


Lot gidi tham khdo 
(*) voi a,b,c,x,y,z >0 va chung minh. 


TacoBDT: —+—+—> 

x y z x+y+z 

(Hoc sink khong chung minh (*) trie 0.25) 

Ap dung (*) ta co: P >- (x + y + z) — 

xy+ yz + zx + V8 + x 3 +- N /8 + y 3 + y 8 + z 3 

_ , [2 7 [7Z 77 7 7 ~ 2 + x + 4-2x + x 2 6 -x + x 2 

Taco: V8 + x 3 => /(2 + x)(4-2x + x 2 ) <- 


V 8 + z 3 =^(2 + z)(4-2z + z 2 ) < 


1 < 

2 

2 

7 , 2 + y + 4-2y+ y 2 

6 -y+ y 2 

2 

2 

2 + z + 4-2z + z 2 

6 -z + z 2 


Suy ra: P > 


2 (x + y+ z) 


2 xy + 2 yz + 2 zx +18 - (x + y + z) + x + y + z 


2 (x + y+z ) 2 

(x + y + z ) 2 -(x + y+ z)+ 18 
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2t 2 2t 2 

Dat t = x+y+z (t > 3). Khi do: P > —- Xet ham so': f(t) = —-voi t > 3. 

t 2 —t + 18 t 2 — t + 18 

f’(t) = 2( ~ t2+36t) Taco:, f'(t) = 0<=>t =36 
(t 2 -t+18) 



Vay GTNN cua P la: 3/4 khi x = y = z = 1. 


Cau 72: Cho ba so' there khong am a,b,c thoa man dieu kien a 2 +b 2 +c 2 < 3. Tim gia tri nho nha't 

cuabieuthuc A = 2(a + b + c)-\- + - + -) 

{a b cj 

Trircmg THPT Ly Thirong Kiet - Binh Thuan - Lan 1 


Lai giai tham khdo 


Xet ham so' f(x) = 2x — + -^---;xe(-V3;0) 

1 ^r 2 1 q 11 r \y 2 I— 

f(x) = -x-- + — + 3x-->2 + -(x+1) 2 -2>0 =i>2x- — > —;Vx e(-v3;0) 
J x 2 2 2 x 2 2 

. 1^1 3a 2 1 1 3b 2 _ 11 3c 2 

a 2 2 b 2 2 c 2 2 


=> A = 2(a + b + c) 

Vay: min A = -3 khi a = b = c = -1 


1 1 1 ^ 

- + - + - 
a b c) 


>---(a 2 +b 2 + c 2 )>- 3 
2 2 
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Cau 73: Cho x, y, z la ba so' duong thoa man: 


3x + 2y+z+l 3x + 2z+y+l 


=(x+y)(x+z). 


Tim gia tri Ion nhat cua bieu thuc: P = 


2(x + 3) +y +z -16 


2x +y +z 

Truong THPT Ly Thai To - Bac Ninh - Lan 2 


Taco: (x + y)(x + z)< 


Lai gidi tham khdo 

(x + y + x + z) 2 _(2x + y + z) 2 


4 — 5 —< 

^3x + 2y + z + l 


1 


Tir gia thie't suy ra: 


3x + 2z + y + lJ 3(2x + y + z) + 2 
8 ^ (2x + y + z) 2 


3(2x + y + z) + 2 


Dat:2x + y+z = t (t>0)=>-< — <=>(t-2)(3t 2 + 8t + 16)>0 

3t + 2 4 

Ot>2=>2x + y + z>2 


Ma: 4 < (2x + y + z) 2 < (2 2 +1 2 +1 2 )(x 2 + y 2 + z 2 ) x 2 + y 2 + z 2 > 


2x 2 +y 2 +z 2 


x 2 +x 2 +y 2 +z 2 


„ 2 f 2 3x 2 + 2 

3 


Xet ham so': f(x) = 1 + + ^ vdi x > 0. 

3x~ + 2 


, -36(3x +x-2) 

Taco: f (x) =-----, f (x) = 0 

(3x 2 + 2) 2 

Lap BBT Suy ra: f(x) < 10 => P < 10. 


x = —1 (loai) 

X = f =>f(|)-10 


2 1 

Vay gia tri Ion nhat cua P la 10. Da'u “=" xay ra khi: x = — , y = z = - • 


Cau 74: Cho a, b, c la 3 so' thuc duong va thoa 2\ab + 2bc + 8ca <12. Tim gia tri nho nhat cua 


12 3 

bieu thuc: S = —I-I- -. 

a b c 


Truong THPT Marie Curie - Ha Noi- Lan 1 
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• Dat x = —, y = — 


1 


Lai gidi tham khdo 

- => x, y, z >0, 2x+Sy + 2lz<l2xyz va S = x+2y + 3z. 

U V C 

c f 2x + 8 y 

f > 2x + 8 y |z>- 

2x+8y + 21z<12xyz => z( 12 xy - 21 ) > 2x + 8y = 


12xy -21 = 


12*y-21 


12 xy- 21>0 \x> — 

l 4 y 


• Ta co: 5 > ;t + 2;y + 


2 jt + 8 y 

4xy-7 


• Xet ham so' f(x ) = x + 2y + + tren I — 

4xy-7 


1 \ 

— ;+oo 

4y J 


. , 14 + 32/ _ 7 J32/ + 14 

/'(x) = l---^ = 0 ^* = —+ ^— -e 

(4xy-7) 4y 4y 

• Lap bang bien thien cho ham so' y = fix) ta co: 


;+°°j 


^/(X)./ - + 


7 , J32r+14 l 9 | ^32r+14 

4y I 4y 4y 


. 9 J32/ + 14 

• Xet ham so g(;y) = 2y + — + —-- 

Ay 4 y 


1 ( 0 ;+ 


(8/-9)J32/ + 14-28 5 . 

/(y) = i - / , ? -= 0oy = ^e(0;-K») 

4 /^ 32 / +14 4 


• Lap bang bien thien cho ham so' z = g(y) ta co: 5 > g(y) > g I — 


15 

2 


c i5 ,, . 1,4 3 

• Vay mm S = — khi a = -, b = —, c = —. 

2 3 5 2 


Cau 75: Cho x, y la cac so'there thoa man dieu kien x + y = 26y/x-3 + 3*Jy - 2013 + 2016 

Tim gia tri nho nha't va gia tri Ionnha't cua bieu thuc m =(x-lf+(y-l) 2 + 2016 + 2 W X+ ? + 1 . 

y/x+y+l 

Truong THPT Minh Chau - Hung Yen - Lan 3 


Lai gidi tham khdo 
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M =x 2 +y 2 +2xy-2x-2y + y + l)~ -4(x+y + l) + 5 + - 


jx + y + 1 


jx + y + 1 


Dat t = ^jx+y + l thi ta duoc M = t 4 - At 2 + 5 + 

Dieu kien cua t: 

Dat a = y/x-3\b = *Jy -2013 ta duoc x = a 2 +3;y = b 2 + 2013 va 

a 2 + 3 +b 2 +2013 = 26a + 3Z? + 2016 a 2 +b 2 = 26a+ 3b < ^(26 2 + 3 2 )(a 2 +Z? 2 ) 

Hay 0<a 2 +b 2 < ^/685 

Tir do ta duoc x+y + l = a 2 +b 2 +2017 g[ 2017;2072] nen t &D = [~V2017; \/2072j 
Xet ham so' f (t ) = t A - At 2 + 5 + \t g D 

/■(,) = «» -8r-^ = ■ 4?J - 8 ;r 2 ° 16 = 4> 7'-^ 2016 >o V> e [720!7;72072] 

Suy ra / (?) dong bie'n tren D 


36 fo~+& 2 —685 fa — 26 

max M = /^V2072j = 4284901 H -khi ? = V2072 ta duoc j a b <=>j hay 


[26 3 


x = 679; y = 2022 


minM = /(V2017) = 4060226 +khi t = V2017hay x = 3;y = 2013 

Cau 76: Cho ba so' thuc duong x; y; z thoa man: xyz = 3. Tim gia tri nho nha't cua bieu thuc: 

P = yjlogl x +1 + ^Jlogl y + 1 + ^log 2 z +1 

Truong THPT Nam Duyen Ha - Thai Binh- Lan 1 


Lot giai tham khdo 

Trong mp(Oxy), goi a = (log 3 x;l), b = (log 3 y,l), c =(log 3 z, 1) 
va n = a + b + c => n = (1; 3) 

Ta co: |a| + |& | + |c| > |a + b + cj ^/log 2 x + l + ^log 3 y + 1 + ^log 3 z + 1 > x/l 2 + 3 2 
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=> P > VlO, dau = xay ra khi ba vecto a, b, c cung hubng va ket hop dieu kien de bai ta dupe 
x = y = z = Zj 3 

Vay min P = \jl0 khi x = y = z = y/3 


Cau 77: Cho cac so' x,y,z. thoa man 0<x<y<z. Tim gia tri Ionnhat cua bieu thuc 


P = xy + yz + zx - xyz - - 


Truong THPT Thanh Chuong 3 - Thanh Hoa - Lan 1 


Lot gidi tham khdo 

Vi 0<x<y<z 

nen 

x(x - y)(y - z) > 0 (x 2 -xy)(y-z) >0ox 2 y-x 2 z~xy 2 + xyz>0<^> x 2 y + xyz>x 2 z + xy 2 

xy 2 + yz +zx 2 - xyz = (x 2 z + xy 2 ) + yz 2 - xyz < ( x 2 y + xyz ) + yz 2 - xyz = y [x 2 + z 2 ) 

Theo bat dang thuc Co si ta co: 
y (x 2 + z 2 ) = -^V 2 t 2 (* 2 + z 2 )(x 2 + z 2 ) 

. 1 If 2y 2 +(x 2 + z 2 ) + (x 2 + z 2 ) Y _J[ x 2 + y 2 + z : 


'■Si 


Do do 


2 . 2 . 2 V 


\{ A 2 + y 2 + z 2 ] 

| 3f* 2 + y 2 + z 2 Y 

l 3 J 

1 2 [ 3 J 


Dat t = 1 1] ^ ——j (i > 0). Ta co P< fit) = It 3 

f ’(*) - 6t 2 - 6t 3 = 6 i 2 (l - 1) = 0 t = 1. Lap bang bien thien cua ham fit ) suy ra dupe 

/(f)</(l) = 2-| = i=./><i 

Ta thay P = ^ khi x = y = z = 1. Vay gia tri ldn nhat can tim la Max P = Y khi x = y - z = 1. 
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Cau 78: Cho x, y, z > 0 . Tim GTNN cua bieu thuc : P = 


3x 4y 5z 

- + —— +- . 

y + z z + x x + y 

Truong Cao Dang Nghe Nha Trang - Lan 2 


Lin gidi tham khdo 

P=| J^ +3 ] + f^ + 4l + f^ + 5|-12 
vY + z J (z + x J ^x + y 

= (x + y + z)f—-— + —— + \ - 12 

(y + z z + x x + yj 

- + ^ + (^)[(® + (© + [ffj. 

> ~(yf3 + yf4 + j5) 2 - 12 
2 

1 r- i~ - y + z z + x x + y 

MinP = —(v3 + 2 + V5) -12 <=> 2-=- = —— = — -J- 

2 y/3 2 y/5 


Cau 79: Cho x, y, z la cac so' thuc duong thoa: x + y + z = 2. Tim gia tri nho nhat cua 
M = 8(-—-— + 


v a -^2-)--(-X+T) 2 

(y + z) +5yz (x + z)~+5xz 2 


Truong Trung cap Nghe Ninh Hoa - Lan 1 


Leri gidi tham khdo 

Ap dung bat dang thuc Cauchy cho y; z va x, z: 

X 2 > Jt 2 _ 4 x 2 

(y + z) 2 + 5yz _ (;> , + z) 2 + ^ ( y +z) 2 9'(y + z) 2 

2 2.2 

y ^ y _ 4 y 


(x + z) +5xz (x+z) * + l (x+z y 9(X + Z) 

4 

Dau " = " khi y = z = x. Khi do : 


(y + z) +5yz (x + z) +5xz 9 [(y + z) (x + z) 

Ap dung bat dang thuc Cauchy - Schwarz: 

2 

* , y 


(y + z) (x + z) 


(1 2 + 1 2 )>3 


9 

_y + z x + z_ 
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Ma 

2 f 


{ * 1 y T _ 2 

(x 2 + y 2 ) + z(x+ y) 

'Ly + z x + zj 9 

xy+ z(x+ y) + z 2 


(* + y) 


+ z(* + y) 


(*+y) 


+ z(x + y) + z 


2(x+y) +4z(x + y ) 


Do x + y + z=2 => x + y =2 - z nen 

2(2-z) 2 +4z(2-z) 


M> — 
9 


(2-z) +4z(2-z) + 4z z 


(x + y) + 4z(x+y) + 4z' 


3 s 2 

- 2 (2 “ Z> 


.. 64f z-2) 3 

oM >— - --(z-2) 

9U + 2J 2 V 

fx;y;z>0 , . 64(z-2'\ 2 3 2 

Do z e(0;2). Xet ham so': F(z) = — --(z-2) tren(0;2)co: 

[x + y + z = 2 9 \z + 2) 2 


*"(z) 


_128f z-2 


9 U + 2j(z + 2) 


7T - 3(z - 2) 


= (z-2) 


512 1 


9 (z + 2) 


(z-2) 
~9(z + 2) ! 


[512 - 27(s +2) 3 ] 



Tu bang bien thien suy ra M > F(z ) > —. Dau " = " xay ra khi x = y = z = — 

„ -8 2 
Vay gia tri nho nhat cua M la min M = — khi x = y = z = — 
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Cau 80: Cho x, y, z la ba so' thuc duong thoa man : —I— = —. 

x y z 

x 2 + 2 2 z 

Tim gia tri nho nhat cua bieu thuc P =-^- 1 - 

Z x + y 

Truong Trung Cap Nghe Ninh Hoa - Lan 2 
Lot gidi tham khdo 

_ x 1 1 2 2xy x + y 

Tu —I— = — suy ra 2xy = (x + y)z <^> —^ = - 

x y z z Z 

Ap dung bat dang thuc Cauchy cho x, y ta lai co: 

1 | 1 _ x + y ^ 4(x+y) 
x y xy (x+y) 2 

2 4 

^>->- 

z (x + y) 


Dau " = " xay ra khi x = y . Suy ra - 


->2 n 


2 z 


x+y 1 2 _ 2 xy + 2 z 
. z \ z 2 X + y 



x+y t 2 z 
z x + y 


Dat t =-—, tu (’*') ta co t > 2 

z 

2 2 

Xet ham so f(t) =t -t + — , t>2 
t 

2f 3 _ f 2 _ 2 

Ta co : f (t) =-y-> 0 , Vt >2 

Suy ra f(t) dong bien tren [2;+oo^nen f(t) >f(2) = 3, Vt >2 
Dau " = " xay ra khi t = 2 <^>x + y = 2z 
Vay gia tri nho nhat cua P la min P = 3 khi x = y = z 
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Cau 81: Cho x, y, z la ba so' thyc duang thoa man: x 2 + y 2 + z 2 < ^ • Tim gia tri nho nha't cua bieu 

thuc: P = 8xyz + —+ —+ — 
xy yz zx 

Truong THPT Ngo Sy Lien - Bac Giang - Lan 2 


Leri giai tham khdo 


■ Ta co: — + — + — > 33/ 0 \ 0 , dat t = tfxyz > 0 

xy yz zx ]/ x y z 

Ma ilyV < < i => 0 < t < I 

v 3 4 2 

=> P > 8i 3 + 4" • Xet ham so' / (?) = St 3 + 

Taco Vr*0, f'(t) = 24t 2 -j, /”(t) = 0oi = ^ 

■ Lap bang xet da'u ta co: / (?) > 13 vdi moi gia tri t thoa man 0 < t < ^ 

Suy ra P > 13. Da'u bang xay ra khi t = ^ hay x = y = z = ^. 

Ke't luan. 


Cau 82: Cho x > 0, y > 0 thoa man x 2 y + xy 2 = x + y + 3xy. Tim GTNN cua bieu thuc 

D 2 2 (1 + 2xy) 2 - 3 

P = x +y + --—- 

2xy 

Truong THPT Nguyen Tri Thanh - Lan 1 
Lin giai tham khdo 

+ Ta co 

x 2 y + xy 2 = x + y + 3 xy <*> xy(x + y) = x + y + 3 xy (1) 
do x >0 ; y > 0 nen x + y > 0 


(1) 


114 2 

>x+y=— + — + 3s*-+ 3=>(x + y) -3(x + _y)-4s* 0 

x y x + y 


=>[(x + y)+l][(x + y)-4>0=>x + y^4 
( 1 ) xy x + y x + y xy 
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NenP = (x + y ) 2 +2 - — = (x+y) 2 +l + — 

xy x+y 

, 3 

+ Dat x + y = t (t >4) => P = t -\—hi = f(t) 

3 2t 3 — 3 

+Ta co f'(t) = 2t —j = —-— > 0 \/t > 4. Nen f(t) dong bien tren nua khoang [4;+co) => 

4 

Hay gia tri nho nhat cua P bang khi x= y = 2 


Cau 83: Cho ba so' thuc duong x,y,z thuoc doan [l;4] va thoa man x+y+z = 6 . Tim gia tri nho 
, x 2 + y 2 -1 


nhat cua bieu thuc: T = - 


8 (x 2 + y 2 ) xyz 


Truong THPT Han Thuyen - Bac Ninh - Lan 2 


Lai giai tham khdo 

X +y >2,(x-l)(y-l) = xy-x-y + l>0^xy>5-z ^——> . 
xy xyz (5-z)z 

x 2 + y 2 =(x+y) 2 -2xy <z 2 -10z + 26 


DS: T = -,x=y = l;z = 4 


Cau 84: Cho ba so' thuc duong x,y,z thoa man x+y + z<- . Tim gia tri nho nhat cua bieu thuc 
n _z(xy + lf | x(yz + l ) 2 _ y(zx + l ) 2 


y 2 (yz + l) z 2 (zx + 1 ) x 2 (xy + l) 


Truong THPT Chuyen Nguyen Quang Dieu - Lan 2 


Lai giai tham khdo 


v Bien doi bieu thuc P, ta co: P = 


il.H 




1 1 

-- x + — 

x y 


f Chung minhba't dang thuc: — + — + — > a + b + c (a,b,c> O) (1) 
b c a y 
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Theo bat dang thuc Cauchy ta co: 


— + b>2a, - \-c>2b, — + a>2c=> — +- 1 - > a + b + c. 

b c a b c a 


Su dung (1) ta suy ra: P> \ x + 


RR) + R 


i i i ^ 

= x+y+z+- + - + - = Q 
x y z 


f Tiep tuc danh gia Q, ta co: Q > 3 yfxyz + 

yjxyz 


Dat t = %[xyz , ta co: 0 < t = ^[xyz < - 


* Khi do: Q>3t + - = \2t+—-9t> 2\j36 - — = — 
t t 2 2 


Dau dang thuc xay ra khi va chi khi x = y = z = - 


Ket luan: Gia tri nho nhat cua P la —, dat khi x = y =z = - ■ 

2 2 

Cau 85: Cho a,b,c la cac so' thuc thoa man 0 <a<b<c . Tim gia tri nho nhat cua bieu thuc 
„ 2 fl”+Z? 2 +C 2 Cl + b+C r\r\/ 7 \ 

P = ——^-—+ --—+ 20 (a+b+c). 


(a 2 +b 2 )(a 2 + c 2 ) (a + b)c 


Truong THPT Nguye Sieu - Hung Yen- Lan 1 


Lai gidi tham khdo 


Ta co P = 


1 I +- i — + -+20(a+b+c ) 


a 2 +b 2 a 2 +c 2 a+b c 


0 <a<b<c a 2 +b 2 <ab + b 2 <(— + b) 2 

Vi nen 2 dau bang xay ra khi a=0 

2 2 ^ , a n 2 

a + c <(—+ c) 

Tuong tu 2 dau bang xay ra khi a=0 

P> ---+ + —!—+ - + 20 (a+b + c) 

Do do (P + fy 2 (- + c) 2 a + b c dau bang xay ra khi a=0 


Ap dung cac bat dang thuc sau: 

R + R > —-—^ Dau bang xay ra khi x=y (phai chung minh) 
x y (x + y) 
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114 , 

— + — >- Dau bang xay ra khi x=y 

x y x + y 


Suy ra P> 


(. a+b+c ) a+b+c 


1-20 (a+b + c) 


Dat t=a+b+c voi t>0 


8 4 

Xet ham so f(t) = — + - + 20 1, t > 0 
t t 


rp , , t/ , 0 2t 4 on 20r -At -16 

Ta co / (t) = -8 — —7 + 20 =--- 

t 4 t J 


/ '(0 = 0 ^ 20x 3 -4?-16 = (t -l)(20r + 20t + 16) = 0 <=> t = 1 
Bang bien thien 



Cau 86: Cho ba so' there khong am x, y, z thoa dieu kien 4(xz + y) > y 2 + 4 . Tim gia tri nho nhat cua 

bieuthiifc: P = l -[jTFTtf + yj + 

8 ' 1 ( x+y+zf 

Truong THPT Nguyen Trai - KonTum - Lan 1 
Lot gxax f/mra k/iio 

’‘'Taco: 4(xz + y)> y 2 +4 =>4xz>(2-y) 2 =>2Vxz >l2-yl>2-y 
=^> 2 < 2Vxz + y<x + y + z. (1) 
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* p= l -(jT^ +y } + (2z*>Cf±M±l +1 _ 1 

8 V ' ( x + y+z ) 2 

= l -{f2 <* +2 ^ 2 + b-yf + - 2 , 

8' ’ (x + y + z) (x + y + z) (x + y + z) 

Vi: -Jlx 2 +2z 2 >x+z, Vx, z > 0 (da'u "=" xay ra khi x = z) 

nen: l -(jT^ + yf >!(,+ , + *)» = 2^ 




x + y + z] (x + 2 y)“ (z-y) 


4 ) (x + y + z) (x + y + z) (x+y + z)' 

* Ta co: ( a-b) 2 +(a-c) 2 > 0 <=> 2 a 2 +b 2 +c 2 > 2a(b + c), \/a,b,c (3) 
(Dau "=" xay ra khi a = b = c) 

Ap dung (3), tu ( 2 ) ta co : 

x+y+z 2 


-1 ( 2 ) 


4 x + y + z (x+y + z) 2 (x+y + z) 

*Dat t = x+y + z, t> 2 (tu (1)) 

1 2 

Xetham so : f(t) = —t + — ~ 1, t > 2 
7 2 t 2 

Tac6:/'(») = i-l = ^aO,Vta2 


-1 


=> ham so' f(t) dong bie'n tren [ 2 ;+oo) => minf(t) = f( 2 ) = — 

Vay minP = 1/2, dat dupe khi x = z = lvay = 0. 


Cau 87: Cho x, y la cac so' thuc duong thoa man xy+x+y = 3. Tim gia tri Ion nha't cua bieu thuc 

_ 3x 3y xy ( 2 2 \ 

p=ym + - • -—x 2 + r 

y+ 1 x +1 x+y v ' 

Trudng THPT - Nguyen Viet Xuan - Phu Yen- Lan 1 


Lot gidi tham khdo 

Dat t = x + y =>xy = 3-1; x 2 + y 2 = (x + y) 2 -2xy = t 2 -2(3-t)=t 2 + 2t- 6 


Ta co xy < 


>3-t<-t 2 <=>i >2 

4 


- THAY TAI - 0977.413.341 


66 






















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


TAI LIEU LUYEN THI THPT QUOC GIA | 2016 

3(x 2 + y 2 ) + 3(x + y) xy / 2 2 \ 2 12 5 

Suyra P = —- --- 1 - 1 -(x +y ) = -r+H - 

xy + x + y + 1 x+y v ’ t 2 

12 5 

Xet ham so' / (t) = -t 2 + 1 4-— voi t > 2 

2 

Ta co /’ (t ) = -2f+1 - — < 0, \/t> 2. Suy ra ham so' / (t) nghich bie'n voi t > 2 


=>/></(»)</( 2 ) = - 

A , ,3 

Vay gia tri Ion nhat cua P bang — khi x = y = 1. 


nhat cua bieu thuc : P - (x+ y+ z ) 2 - - 


9xyz xy + yz + zx 

Truong THPT Nguyen Van Troi - Lan 1 
Lai giai tham khdo 

Ta co : (x+ y+ z f = x 2 + y 2 + z 2 + 2(xy+ yz+ z x) => x 2 +y 2 +z 2 = 3 + 2(xy+ yz+ z x) 
lai co : x 3 + y 3 + z 3 = (x+ y+ z) [a ; 2 + y 2 + z 2 — (xy+ yz+ z x)] + 3xyz 

= (x+y+z)[3 — (xy+yz+zx)| + 3xyznen * +y + " = - + -[ — + — + — |[3-(xy+yz+zx)l 
L J 9xyz 3 Q^xy yz xz J 


Mat khac: 


xy + yz + xz>%Jx .y .z 

111 I I : 

-+-+-> 3 

xy yz xz x .y .z 


xy yz xz xy + yz + xz 


Suy ra : P < 3 + 2(xy+ yz+zx) ——- (---|[3-(xy+ yz+zx)]n- 1 

3 ^xy + yz + xz) xy + y 


2 3 


11 ,11 J x 2 + y 2 + y 2 + z 2 + z 2 +x 2 ) 29 

= —+ 2 (xy+yz+zx) < —+ 2[ -2- L -I- — 


Vay : P max = — dat duoc khi: 
60 


x 2 +y 2 +z i =3 

xy — yz — zx x — y — z — 1 

xy + yz + zx = 3 
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Cau 89: Cho a, b, c la cac so' thuc duong. Tim gia tri nho nhat cua bieu thuc 
1 4 1 


4a + 2b + A\l2hc 8 + a + 2b + 3c 4 + b + 2c 


Truong THPT Nhu Xuan - Thanh Hoa - Lan 1 


Ta co 2y/2be <b+2c- 


Suy ra P > 


Lai giai tham khao 
1 , -4 


4a + 2b + 4\j2bc 4a + 4b + 4c S + a + 2b + 3c 4 + a + b + c 4+b + 2c 


, Dat t = a+b+c, t >0 


4 (a + b + c) 4 + (a + c+b) 


xet f(t) = ± + - 1 -, t> 0, f'(t) = --? Y + — l — T ;fXt) = 0^t=4. 

41 4 + t 41 (4 + t)~ 



\b = 2c 

\a + b + c =b 4 
\a + b + c = 4 


a = c = 1 
b = 2 


Cau 90: Cho ba so' duong x,y,z thoa man x+y + l = z. Tim gia tri nho nhat cua bieu thuc 

„ x 3 . y 3 . z 3 14 


x+yz y + zx z + xy ( z + l)^(x + l)(y + l) 


Truong THPT Pham Van Dong - Phu Yen - Lan 1 


Lai giai tham khao 

, , \ / \ (x+y + lf (z + 1) 2 

■ Tu gia thiet x + y + z = 1 ta co: (x + l)(y + 1) = z + xy < -——— = -— 

, T a x 3 y 3 4 z 3 +28 

Nen P > -+ —-+- — 

x+yz y + zx (z + l) 

■ Mat khac theo bat dang thuc Cauchy - Schwarzt ta co: 

* 3 , y 3 _ * 4 , y 4 (* 2+y2 ) ^ x2+ y 2 . (jc+yf 


x + yz y + zx x 2 + xyz y 2 +xyz x 2 + y 2 +2xyz 1 + z 2(l + z) 2 ( 1 + z ) 
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^ 9z-z-z + 51 

2(^1 f 


f{z). 


Dat g{z) = 2f(z)^g'(z) = 

■ Lap bang bien thien ta co: / (z) > / ^ 
VayminP = y khi (r,y;z) = 


(3z-5)[ 3z 3 + 5 *^ + 37 z + 23 


(* + l) 4 

5} 53 
3J~ 8 


Cau 91: Cho x la so' thpc thuoc doan .Tim gia tri nho nhat, gia tri Ion nhat cua bieu thuc 

\j5-4x -yfl+x 


p = 


15 — 4x + 2>/l+ x + 6 


Truong THPT Phan Boi Chau - Lan 2 


Lai gidi tham khdo 

Dat a = V5-4x , b = Vl + x =>a 2 +4b 2 =9 (a,b>0) 


■Mb 


=>3ae|0;— | : a = 3sina , 2b = 3cosa 

a-b 2 sina-cosa 


Khi do : P = - 


a + 2b + 6 2sina+ 2cosa+ 4 


"c( \ 2 sina-cosa .. . _ .. 

Xet ham so f (a) = —--- 7 voi a e | 0; — 


f ( a ) = 


N1 

. 0 voi ae 0 ; — 
(2sina + 2cosa + 4)~ L 2 J 


2sina + 2cosa + 4 
4sina + 8cosa-2 


f(x) dong bien tren a e 

minf(x) = f(0) = -i ; wf(x) = f(f)4 


Vay minP = - — khi x = — ; maxP = -khi x = -4 
‘ y 6 4 3 
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Cau 92: Cho x, y la hai so' thuc duong thoa man 2x+3y < 7 .Tim gia tri nho nha't cua bieu thuc 
P = 2xy+y + ^5(x 2 + y 2 )-24^S(x+y)-(/ + y 2 +3) 

Truong THPT Phan Thuc True - Nghe An - Lan 1 
Lai gidi tham khdo 

Taco 6(x+l)(y+l) = (2x+2)(3y + 3)<^ 2x+2 + 3y+3 ^ <36^x+y + xy<5. 

Ta co 5(x 2 + y 2 )>(2x+ y)“ =>-y/5(A 2 +y 2 ) > 2x+ y va 

(x+y-3) 2 =x 2 + y 2 +9 + 2xy-6x-6y>0o2(x+y + xy + 3)>S(x+y)-(x 2 + y 2 + 3) 

Suyra P > 2(xy + x + y) - 24%j2(x + y + xy + 3) 


Bat t = x+y + xy, te(0;5] , P> f(t) = 2t-24lj2t+ 6 
24.2 J(2t + 6) 2 -S ;Q 


Ta co f (t) = 2- 


3^J (2t + 6) 2 $l(2t + 6) 2 


i,Vfe(0;5] 


=> ham so f(t) nghich bien tren nira khoang (0; 5]. 

Suyra min fit) = /(5) = 10-48^/2 

Vay min P =10 -48 tfl, khi \ X 

[y = l 


2a 36 c oia + o + ci 

Cau 93: Cho cac so' thuc duong a, 6 , c. Chung minh rang: -H- 1 -< —-- 

a + 2 6 + 3 c + 1 a + 6 + c + 6 

Truong THPT Phu Ctr - Hung Yen- Lan 1 

Lai gidi tham khdo 


Bat dang thuc tuong duong voi 


fa + 2 2a 

1+fLtl. 

_ JLl + f—1> 

a + b + c + 6 6(a + 6 + c) 


A ^ 

b + 3) { 4 c + lj 

4 a+6+c+6 

(a-if 

M)’ + 

(c-l) 2 ^ (a + 6 + c-6) 2 


~4(a + 2) + 

4(6 + 3) 

4(c + l) 4(a + 6 + c + 6) 



> A , ( 

c-l) (a + 6 + c-6) 

(4 

a + 2 

6 + 3 

c+1 a+6+c+6 


Ap dung bat dang thuc Cauchy - Schwarz ta co 
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a- 2 + 6- 3 + c-l (a + b + c-6) . 

vt( 2 ) > = v - L= V p ( 2 ) 

V ' (a + 2j + (b + 3] + [c + lj a + b + c + 6 w 

Da'u bang xay ra khi va chi khi a = 2; 6 = 3; c = 1. 

Vay bat dang there (2) dung. Do do bat dang thuc (1) dime chung minh. 


Cau 94: Tim gia tri nho nhat cua bieu thuc : 

„ 4 (* 4 + /) (x+yf , 1,1 


+ — + — trong do a, b la hai so' thuc duong. 

2 x y 


Truong THPT Phu Rieng - Binh Phuoc - Lan 1 


Lbi gidi tham khdo 

, 4(j[ 2 + /) 2 1 , 2 2 > 4 2 j 4 

co:P - 7 


Xet ham so' fit) =t + - , voi t = x 2 + y 2 ,t e (0;+oo). 


Taco: /(t) =1-^-;/’(t) =0=>t =±2 

Lap bang bie'n thien ham so' f(t) tren khoang (0; +00) , ta tim dupe : 

min f(t ) = 4, dat duoc khi t=2. 

(0;«>) 


Tu do tim dupe GTNN cua bieu thuc P bang 4, dat dupe khi x=y=l. 


Cau 95: Cho x, y, z la cac so' thuc duong thoa man x > y > z va x + y + z = 3. Tim gia tri nho nhat 

cua bieu thuc: P = — + — + 3y. 

z y 


Truong THPT Phu Rieng - Binh Phuoc - Lan 2 


Lbi gidi tham khdo 


Taco — + xz> 2x, — + yz>2z • 

z y 

Tu do suy ra P = - + — + 3y>2x-xz + 2z~yz + 3y 
zy 

= 2(x + z) + y(x + y + z)-xz-yz = 2(x + z) + y 2 +x(y-z) 
Do x > 0 va y > z nen x(y-z)>0. Tu day ke't hop voi tren ta dupe 
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P = — + — + 3y>2(x+z) + y = 2(3-y)+y = (y-l) +5>5. 

z y 

Vay gia tri nho nhat cua P bang 5 dat khi x=y=z=l 


Cau 96: Cho cac so' thuc a,b thoa man a,be^;lj. Tim gia tri nho nhat cua bieu thuc 


P = a 5 b + ab 5 + —r---3(a + b) 

a +b V ’ 


Trucrng THPT Phu Rieng - Binh Phuoc - Lan 3 


Lot gidi tham khdo 

Do a,b< 1 nen (a-l)(&-l)>0<=>a&>o + &-l>0 
Suy ra: a 2 +b 2 =[a+b) 2 - 2ab<(a + bf -2(a + Z?-l) 

Ma a 5 b + ab 5 = ab{a 4 +Z? 4 ), a 4 +b 4 >—{a 2 +b 2 ^ >-[a+b) A 


Suy ra: P>-(a + b-l)(a + b) 4 + 6 


(a+b) -2(a + b-l) 


-3 (a + b) 


Dat t = (a + b) thi l<t<2, xethamso' fit) = -it-l)t 4 + --3 1 

Voi t e [l;2] co /’(f) = ^(5f 4 -4r*-24)- ^ <0Vfe[l;2] 

Nen f(t) nghich bien tren [l; 2 ]. Do do: / (t) > / ( 2 ) = -1 
Vay MinP = -1 khi a = b = 1 


Cau 97: Cho a, b, c la ba so thuc duong thoa man: a + b + c = —. Tim gia tri nho nhat cua bieu thuc 

4 


' 'Ja+3b Mb+3c \lc + 3a 


Truong THPT Phu Xuyen B - Lan 1 


Lot gidi tham khdo 

ap dung Bat ding thuc Cosi cho ba so duong ta co 


(x + y + z) — H-h- >3^/xyz —. ■ = 9 =>L + 2_ + L>. 

\X y zj V x yz x y z x + y + z 


(*) 
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4pdung(*)tac6: V = + + 2—-^— 

ap dung Bat dang thuc Cosi cho ba so duong ta co: 

3/(a+3b)Ll < a+3b 3 +1 + 1 =t( a+ 3b + 2) 

3/(b + 3c)l.l< b + 3C 3 +1 + 1 = t(b + 3c + 2) 

3/(c + 3a)l.l< C+3a 3 +1 + 1 = l(c+3a + 2) 

Suyra ^/a + 3b +^/b + 3c + &+3a S |[4(a+b + c)+6] = ^ 4 'J + 6 j = 3 
Do do P > 3 

{ 3 

a + b + c = — ^ a = b = c = - 

a + 3b = b + 3c = c + 3a = l 4 

Vay P dat gia tri nho nhat bang 3 khi a = b = c = 1/4 

Cau 98: Cho x, y, z la cac so' thuc khong am thoa man: xy + yz + zx = l. Tim gia tri nho nhat cua 

bieuthuc: P= 1 + 1 + 1 + -(*+l)(y + l)(z + l). 

xr + y y +z z +x 2 V /v /v 7 

Truong THPT Quoc Oai - Ha Noi - Lan 1 
Lai gidi tham khdo 

Gia su z = min{x;y;z}. Dat x + - = M;y + - = v=>M,v>0 
1 J 2 ’2 

Ta co: x 2 + z < ^ j ^ z - xz < 0 z (3z - 4x) < 0 luon dung. 

Vay x 2 +z 2 =u 2 ;y 2 + z 2 <v 2 ;x 2 + y 2 <u 2 +v 2 . 

„ ,11 4 ,1 1 8 

Ma voi u, v > 0, ta co: — + - >- va — + — >- j 

u v u + v u v (m + v) 

Vay 

1 1 1 1 J_ 1 _ 1 lYj_ J_^j 3 fl_ _P| 

x 2 + y 2 + y 2 + z 2 + z 2 + x 2 ~u 2 +v 2+ u 2+ v 2 ~u 2 + v 2+ 4{u 2+ v 2 ) + 4{u 2+ v 2 ) 

_ 1 1 6 4 6 10 10 

~ —2- 2 -1- T ~ -2~ ^ -2~ _ - 2 ~ - 2 

u + v 2 uv (m + v) (m + v)" (m + v) (m + v) (x+y + z) 
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Ma (x+\)(y + \)(z + l) = xyz+xy + yz + zx+x+y + z+\ = xyz+x+ y+z+2>x+y+z+2Vay 

P> -——-y + -(x+y + z)+5 . Dat x + y+z=t;t>y/3 

(x+y + z) 2 

Xet f(t) = ^- + -t + 5 voi t>yf3 . Ta co: f'(t) = ^- + - = 0ot 3 = 8<=>t = 2 
w t 2 2 w t 3 2 

Tir do, ta co: P>/(2) = ^ + -.2+5 = 10 + - = —. 

v 7 2 2 2 2 2 

25 , ? 25 

Khi jc= y = l;z = 0 thi P = — .Vay gia tri nho nhat cua P la — . 

2 2 


Cau 99: Cho a,b,c thuoc doan [1;2]. 


Tim gia tri nho nhat cua bieu thuc P = 




c 2 + 4(ab + bc + ca) 

Truong THPT - Quynh Luu 1 - Nghe An - Lan 1 


Cho a,b,c thuoc doan [1;2]. Tim GTNN cua P = 


Lai gidi tham khdo 

( a + b f 


c 2 +A(ab + bc + ca) 


( a + b f 




c 2 +4(ab + bc + ca) c 2 + 4(a+b )c + 4ab 


Ta co 4ab < (a + b ) 2 nen P > — 


a b 

—+ - 

c c 


c 2 + 4(a+b)c+(a+bf ^Ja + b\Ja + b 

yc c J [c c 


Dat t = - + - vi a, b, c thuoc [1;2] nen t thuoc [1;4] 

c c 

Ta co f(t) =---— , f'(t) = — 4t +2t , > 0 voi moi t thuoc [1;4] 

4+4 t+t 2 (l+ 4 r+r 2 ) 

Ham so' f(t) dong bien tren [1;4] nen f(t) dat GTNN bang - khi t = 1 

6 

Dau bang xay ra khi a = b ; = 1, a,b,c thuoc [1;2] <=> a =b = 1 va c =2 


Vay MinP = — khi a =b = 1 va c = 2 
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Cau 100: Cho cac so' duong x,y. Tim gia tri Ion nhat cua bieu thuc: 
1 1 2 


Xet bieu thuc P = 


yjx 2 +3y 2 y/3x 2 + y 2 3 (x+yf 

Truong THPT Quynh Luu 3 - Nghe An- Lan 1 
Lbi giai tham khao 
1 1 2 


Trudc he't ta chung minh 

That vay. 


Jx 2 +3 y 2 y/3x 2 + y 2 3(x+y ) 3 
1 12 


V* 2 +3y 2 ^3x 2 + y 2 x+y 

1 ■ 1 Y< 2 f 1 ■ 1 


■sjx 2 +3 y 2 sj3x 2 + y 2 j ^x 2 +3y 2 3 x 2 + y 2 J (x 2 +3y 2 )(3x 2 + y 2 ) 

8 (x 2 + y 2 ) 4 4 [2(x 2 + y 2 )(x + y) 2 -(x 2 +3y 2 )(3x 2 + y 2 )] 

Xet ( x2+3 > ;2 )( 3x2 + > ;2 ) (* + t ) 2 (x 2 + 3y 2 )(3x 2 + y 2 )(x+y ) 2 


-4(*-y ) 4 


-< 0 , 


(x 2 +3y 2 )(3x 2 + y 2 )(x + y ) 2 y/x 2 + 3y 2 yj3x 2 + y 2 x+y 

Da'u "=" xay ra khi x=y 


Nhuvay, P< 


x+y 3(x + y ) 3 


Dat, t = —-—,t > 0. Xet ham so' fit) = 2 1 — => f \t) = 2- 2 t 2 ;f \t) = 0 <^> t = ±1 

x + y 3 

Ta co bang bie'n thien 


t 

-00 

-1 


1 

+ 00 

f'(t) 

- 

0 

+ 

0 

- 

f(t) 




^r 4/3 ^ 
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Tu BBT ta thay GTLN cua f(t) la 4/3 khi t=l. 
Vay, GTLN cua P la 4/3 khi x-y = ^ 


Cau 101: Cho ba so' thuc duong x,y,z thoa man xy + yz + zx +xyz = 4. 


Chung minh rang: 3 -^=+—> (x + 2)(y + 2)(z + 2). 

yy/x yjy \lz J 


So GD & DT Bac Giang - Lan 1 


Lot gidi tham khdo 


Tu gia thiet suy ra 0<xy,yz,zx<4 

Dat -Jzy = 2cos A ,yfxz = 2cosB, Jxy = 2cosC, trong do A, B, C la cac goc nhon. 

Tu gia thiet suy ra 

cos 2 A + cos 2 # + cos 2 C + 2 cos A cos B cos C = 1 <=> (cos C + cos( A - #))(cos C + cos( A + B)) = 0 
<=> cos C +cos( A+B) = 0 


Suy ra A, B, C la ba goc nhon cua mot tarn giac. 

Ta co: 

2 cos A cos B 2cosAcosC 2cosCcos# 

z = -;y =-;x =- 

cos C cosB cosA 

3(cos A + cos B + cos Cf 8 sin 2 A sin 2 # sin 2 C 


2 cos A cos# cos C 
. A . B . r 


cos A cos# cos C 


> V3(l + 4sin —sin —sin—) >4sin Asin#sinC <»-1---—-— > —;= 

2 2 2 sinAsinBsinC 0 A # C J3 

2cos cos cos v 
2 2 2 


— rns — rns— ( sinA+ sinB+ sinC V 


2 cos-cos-cos- ._ 

2 2 2 

Cau 102: Cho x,yeM. thoa man 
2 




A # 
cos — + cos — + cos 
2 2 2 : 


8 4 _ 4 

CY 3^3 3y/3~^' 


2y > x 2 
y<-2x 2 + 3x 


P = x A + y A + 


(x+y) 2 


Tim gia tri nho nhat cua bieu thuc:: 


So GD & DT Vinh Phuc- Lan 1 
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Lai gidi tham khdo 

Ter gia thiet ta co y >0 va — < -2x 2 + 3jc=>0<x<- va 
5 7 2 5 

x 2 + y 2 < x 2 + [~2x 2 + 3x ) = 2x 2 [2x 2 - 6x + 5) 

Xet ham so' f(x) = 2x (2x 2 - 6x + 5); x e |^0; ^j ta deroc Max f{x) = 2 => * 2 + y 2 < 2 


P = (x 2 + y 2 f-2x 2 y 2 + -^-,>(x 2 + y 2 ) 
(x + y) 


h + >- 2 ) 2 


Dat t = x 2 + y 2 => P > — 


- ,0<t<2 

t 


Xet ham so': 

g (,) = '!+?:,,s(0,2] 

g'(0=t-^ = ^r : ;g'(i)-oci=^2 


Lap bang bie'n thien ta co Min P = ~~ khi x = y = 

Cau 103: Cho cac so' there derong x, y, z thoa man: —+—+—= ———. Tim gia tri Ion nha't cua 


bieu there: P = 


(*-y)(y-z)(z-*) 


x y z x+y+z 


So GD & DT Ha Tinh - Lan 1 


Lai gidi tham khdo 


Dat a = — ;b = — ;c = —. Ta co: a,b,c>0-,abc = l va P = (a-l)(fc-l)(c-l) 

Gia thiet trb thanh: a+b+c + ab+bc + ca = 13 (l) 

Vi a,b,c> 0; abc = 1 nen trong ba so' a, b, c co ton tai 1 so' , gia ser a co tfnh chat 0 < a < 1. 
13 —a —- 

Ter (1) va abc = 1 . Ta co: b + c =- — . 
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Suy ra: 

P = a +b + c - ab-be-ca = 2(a +b + c) -13 = 


2a 3 -13a 2 + 13a-2 


-/ \ 2a 3 -13a 2 + 13a-2 

Xet ham so: / (a) =--- tren (0; 1]. 


2(a 4 +2a 3 -13a 2 +2a + l) 2(a 2 -3a + l)(a 2 +5a + l) 3 + J? 

K ’ a 2 (a + l ) 2 a 2 (a + l ) 2 2 

Lap bang bien thien cua f(a) tren (0;1] thu dupe / (a) < / ^ 2 ^ ] = ^ 

Do do, P < yfE. Khi x = ^2^;y = l;z = ^2^ thi P = ^5. 

2 2 


Vay, gia tri Ion nhat cua P la \fE. 


Cau 104: Cho a, b, c la cac so thuc dirong thoa man a + b + c = \. Tim gia tri nhd nhat cua bieu thuc 

_ a 2 b 1 


(b + c)+ 5bc (c + a)+ 5ca 4 


-7 (a + bf 


Ap dung bat ding thuc Co si, ta co 


(b + c ) + 5 be 
Suy ra 


C b + cf+-(b + cf 
4 


Lin gidi tham khdo 


4a 2 _ + + , b : 

Tuoug tu, ta co 


So GD & DT Lao Cai - Lan 1 


4b 2 


9 (b + c) 


(c + a)"+5ca 9(c + a) 


(b + c) + 5bc (c + a) +5ca 9 

(a+b)‘ 


^(& + c) (c + a)~) 9yb + c c + a , 


2faJ 

9 ^ 


9 yab + c(a + b) + c : 


f c(a + b) 


(a + b) 2 


+ c(a+b) + c 


_ 2 f 2(a + bf+4c(a + b) Y 
9y(a + b) 2 + 4c(a + b) + 4c 2 J 


Vi a+b + c = \<+a + b = \-c nen 


9^(l-c) 2 +4c(l-c) + 4c 2 


_3 (1 _ cf = 8r_ M 2 _3 
4 ' 9{ c+lj 4 K 


( 1 ) 


Xet ham so /(c) = -f 1—— j --(1-c) 2 voi ce(0;l). 
9^ c + lj 4 


Taco f'(c) = — [l——1—^- 2 ~-(c-l); 
J 9{ c + l) (c + lf 2 
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/ '(c) = 0 <=> (c -1) (64 - (3c + 3) 3 ) = 0 <=> c = ^. 
Bang bien thien: 


Dir a vao bang bien thien ta co /(c) > vai moi c e (0; 1). (2) 

Tir (1) va (2) suy ra P > dau dang there xay ra khi a = b = c = 

Vay gia trinhd nhat cua P la dat khi a = b = c = ~. 

9 ‘ 3 


C 

0 

1 

3 

1 

f\c ) 


0 

- 

f(c ) 


X l ^ 

Q 



4 a ( 2c^\ b( 

x 105: Choba so'thuc duong a, b, c thoa mandieukien — 1 + — + — 1 + — =6. 

bl bj a( a) 


Tim gia tri nho nhat cua bie’u thuc: P = 


be 


2ca 2ab 


a(b + 2c) b(c + a) c(2a + b) 

So GD & DT Quang Nam - Lan 1 


Lai gidi tham khdo 


2 4 1 

Dat x = — ,y = — ,z = - (x, y, z > 0). 
a b c 

Dieu kien da cho trb thanh: X + 2 (— + —1 = 6 (*) 

xy z U X J 


Ta co: x 3 + y 3 > va (x + y) 2 > 4xy 


x 3 + y 3 (x+y) J 4xy(x+y)_x+y 


Do do: _ _ 

xyz 4xyz 4xyz 

Mat khac - + ^>2nen6= A +2| - + 2- |>^^ + 4 =^0<^^<2. 

y x xyz i^y xJ 


Ta co: P = - 


4z 


y + 2z 2z + x x + y xy + 2zx 2yz + xy x + y 


(x + y) z 


4z 


(x + y) 


~ 2xy + 2z(x + y) x + y ( x + y) 2 


+ 2z(x + y) 


4z _ 2(x + y) + 4z 
x+y x+y+4z x+y 
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Q * + y 

z 4 

Suyra: P>- ? — +-. 

X + V , X + V 

-—+ 4 -- 

z z 


Dat t = X + y , 0<t<2.TacoP> —— + 
z t + 4 


4 

t 


Xet ham so' f (t) = —— + - (0 < t < 2). 
t + 4 t 

f '(0 = i— 8t < 0, Vt e (0; 2] => f(t) nghich bien tren (0 ; 2], 

t 2 (t + 4) 2 


Suyra: P>f(t)>f(2) = -. 


P = -« 
3 


f y ^<^>x = y = z<^>2a = b = 4c 


Vay gia tri nho nhat cua P la -, khi 2a = b = 4c. 

Cau 106: Xet cac so thvrc duong a, b, c thoa man dieu kien: a+b+ c = \. Tim gia tri nho nhat cua bieu 
p a ^ b + c ) . ^(.c + a) . c\a+b) 


be 


Truong THPT Tran Cao Van - Khanh Hoa- Lan 1 


Lai gidi tham khdo 


„ a" a" b b c c 

P = — + — + — + — + — + — 
c b a c b a 


a 2 +b 2 -ab = (a-b) 2 +ab>ab => a 3 + b 3 = (a + b).(a 2 +b 2 -ab) > (a + b).ab (1) 
b 2 + c 2 - be = (b - cf + be > be => b 3 + c 3 = (b + c).(b 2 + c 2 - be) > (b + c).bc (2) 
c 2 + a 2 -ca = (c- a) 2 + ca> ca => c 3 + a 3 = (c + a).(c 2 + a 2 - ca ) > (c + a).ca (3) 


(\/a,b,c>0), 


( 1 )< 


a +b~ 


a 2 b 2 ^ 


> a+& <=>-1 >a+b 

ab b a 


(2) <=> ^ +C >b+c <?>—+—>b+c 
be c b 


( 3 ) < 


c+a c a 

> ->c + a<=>—h — > c + a 

ca a c 


Suyra P>2(a+b+c) <^> P>2 
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Vay P rmx 


\a = b = c 1 

= 2<z>< a=b = c = - 

\a+b + c = 1 3 


Cau 107: Cho a, b, c la do dai ba canh cua mot tam giac. Tim gia tri Ion nhat cua bieu thuc 

n , , / 3a-b 3b-c 3c- 

P — (a + b + c) —~-I —2 -1— 2 — 

\a~+ab b~+bc c +t 

So GD & DT Thanh Hoa - Lan 1 


Lai giai tham khdo 

Gia sir a+b+c = k> 0, dat a = kx,b = ky,c = kz^>x,y,z>0 va x + y + z = l- 

k(3x-y) k(3y-z) k(3z-x) 1 3 x-y 3y-z 3 z-x 


Khi do P = k\- 


\_k (x +xy ) k (y“ + yz) k (z +zx )J x + xy y +yz z +zx 


4x - (x + y) + Ay - (y + z) + 4z - (z + x) _ 4 1 + 4 1 + 4 1 

x(x+y) y(y + z) z(z + x ) x + y x y + z y z + x z 

_I + ^ - + — 1 _ 5x-l | 5y-l | 5z-l 

1-z X l-x y 1-y z x-x 2 y-y 2 z-z 2 


Do a, b, c laba canh cua mot tam giac nen b+c>a=>y + z> x=>l-x >x 


1 


x < —, tuc la x e 0; — . Tuong tu ta cung co y, z e 0; — 


Ta se chung minh ——\ < 1 St - 3 (*) dung vdi moi t e 


H 


™ 5f — 1 „ 1 3 — 2If 2 + 8? — 1 n (2t-l)(3t-l) 2 

That vay: (*)<=>- T -18t + 3<0<=>- 5 -< 0 o --< 0 (**) 

t-t t-t t(l-t) 


(**) hien nhien dung vdi moi t e ^0; ^ j. Do do (*) dung vdi moi t e j^0; ^ j. 

Ap dung (*) ta dupe P < 18x-3 + 18y-3 + 18z-3 = 18(x +y + z)-9 = 9 
Dau "=" xay ra khi x = y = z = \^<=> a=b = c. 

Vay P dat gia tri ldn nhat bang 9 khi a =b = c. 

Cau 108: Cho x,y,z la cac so' thuc duong thoa man dieu kien 

^5x 2 +2xy+ 2y 2 + \JSx 2 +4xz +5z 2 =4x + y+2z, xe [j;5 ]. Tim gia tri nhd nhat va gia tri ldn nhat 
cua bieu thuc: P = yj2z-xy + 21 - Jx+z-xy + 10 . 

So GD & DT Quang Ninh - Lan 1 
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Lai gidi tham khdo 

Tir dieu kien suy ra x = y;z = 2x . Khao sat ham P ... 

DS: MaxP = 4;x = y=5,z=lO\MinP = >l2',x = y = ~,z = ~ 


Cau 109: xet cac so' thuc duong x, y, z thoa man x 2 + y 2 + z = xy + xz + \0yz , tim gia tri nho nhat 
3 X 3 

cua bieu thuc P = Sxyz - 5 - 7 

y +z 2 

So GD & DT Ha Noi - Lan 1 


Ldi gidi tham khdo 


Ta co x 2 +y 2 +z 2 = xy + xz + lOyz <=>I --(y + z) I =12yz-^— 


Suy ra 16yz > x 2 => 16 xyz > x 3 


3x 3 


Mat khac ta co y 2 +z 2 > 2yz > — => — - 7 > -24x 

8 y + z^ 

Khi do P = Sxyz ——-24x 

y+z 2 

x 3 

Xet ham so' f(x) = — - 24x voi x e (0; + 00 ) 

Suy ra min/(x) = -64 khi x = 4=>y = z = l 

Vay min P = -64 khi x = 4,y = z = l 


Cau 110: Xet x,y,z la cac so' thuc duong thoa man xy+xz + l = x. Tim gia tri Ion nhat cua bieu 
4 


thuc P = (xy + xz + 2)| 1 + - || 1- — ■ 


# 


So GD & DT Nam Dinh - Lan 1 


Lai gidi tham khdo 


Tir gia thie't da cho ta co: P = (1 +x) ^1 + — j ^1 - j 

Ma xy + xz + l = x<=>- + y + z = l . Dat - = «,(«> 0) 
x x 

Taco u + y+z = 1 va P = ^l + -j^l + — 
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Do u + y+z = l suyra u,y,ze( 0;l)=>j\-^-j<0 


X&hamso /(z) = (l+^jj ; l 1 -!)'™ zs < 0;1 > 

rp / ru \ 4(z-3)(2z-3)(2z-l) ,,, , n 1 

7 V ' 3(z-l) 3 z 2 J ' 2 

Lap bang bien thien 


z 

0 i 

2 

f\z) 

+ 0 - 

m 

> 125 — 


3 


125 125 » 1 1 

Ta co P < f(z ) < — — =^> P < ——, dang there xay ra khi x = 4;y = — ;z = — 

D 125 
Vay maxP = —— 

Cau 111: Cho cac so' there derong x, y, z thoa man xyz = 1 • Chung minh rang: 


x(y + z) | y (x + z) | z (x+y) , 
yyfy + 2z4z z4z+ 2xyfx xyfx+2 y^fy 


Truong THPT Song Lo - Lan 2 


Lin gidi tham khdo 

Ta co x 2 (y + z) > x 2 .2 Jyz = ^=-« 2xy[x , 

V* 

terong ter y 2 (x+ z) > 2y^/y;z 2 (y+x) > 2 z4z 
2xy[x 2 yjy 2 z4z 


P> 


yjy+2zjz z4z+ 2xy[x x-Jx + 2 yyjy 
Dat a = xyfx + 2y-sjy; b = y-Jy +2z4z\c = z4z+ 2 xyfx 
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/— 4c + a-2b /— 4a + b-2c r- 4b + c-2a 

= —-—;y Vy = —g—=—g— 

_ n 2, , 2 Ac+ a-2b 4a + b-2c 4b + c-2a. 

Do do P>—( )=>P>-( -+-+-) 

9 W 9b c a 

^ c a b ^ _ jcab _ a b c ^ _ la b c _ 

Do - + - + ->33 =3, - + - + ->33 =3 

b c a \ b c a b c a \ b c a 

Da'u "=" xay ra khi x = y = z = 1. 


Cau 112: Cho hai so' thuc a,&e(0;l)va thoa man: (a 3 +& 3 )(a + &) = a&(l-a)(l-&). Tim gia tri 
Ion nhat cua bieu thuc: P = , + , + 3 ab -a 2 -b 2 

vi+fl 2 Vi +& 2 

Truong THPT Hong Quang - Hai Duong - Lan 1 
Loi giai tham khdo 

MaxP = —%= + - khi a = b = - 
^/^0 9 3 


Cau 113: Cho hai so' thuc x, y,z va thoa man: x+ y + z-A, x + y + z = 6 . Tim gia tri nho nhat 
cua bieu thuc: P = \— + — + — j(x 3 + y 3 +z 3 ) 

y zj 

Truong THPT Hong Quang - Hai Duong - Lan 2 
Lot giai tham khdo 

MinP = 25 khi x = 2;y = z = l hoac cac hoan vi. 


Cau 114: Cho a,b, c la ba so' thuc duong thoa man: a + b + c = 2 Tim gia tri Ion nhat cua bieu thuc: 


Truong THPT Tam Dao - VTnh Phuc - Lan 1 


1 ab , 1 

1 bc + 1 

1 ca 

lab + 2c \ 

bc + 2a V 

ca + 2b 


Lot giai tham khdo 


3 2 

MaxS = — khi a = b-c- — 
2 3 
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Cau 115: Cho a,b la cac so' thuc thoa man (2 + a)(\ + b) = — Tim gia tri nho nhat cua bieu thuc 


Q = y/l6 + a 4 +4y/l + b 4 . 


Truong THPT Thach Thanh 1 - Thanh Hoa- Lan 2 


Chung minh duoc 


Lin gidi tham khdo 

•' Jo 2 +b 2 +yjc 2 +d 2 > ■sjia + cf + (b + d) 2 ( *)\/a,b,c,d 


ad = be 
. [ac + bd >0 


Dau bang xay ra khi va chi khi 
Ap dung (*) ta co 


(a 2 +4h 2 ) 2 


16 


(1) 


(2 + t?)(l + b ) — — a + 2 b + ab — — 2 a + 4 b + 2 ab — 5 

Mat khac: 2 2 


4h 2 +l>46 ^ 3(a +4Z? ) +2 >2a + 4fr + 2flfr = 5^a 2 +4Zr>2 


- > lab 


Ma: 

I - 4~ \a = l 

Tu (1) va (2) suy ra: Q > 4.. 4 4 -= 2^17 . Dau "=" xay ra khi: \ \ 

V 16 \b = — 

[ 2 


( 2 ) 


Vay minQ = 2yfl7 dat dupe khi 


a = 1 

*=*■ 

2 


Cau 116: Cho cac so' thuc duong a,b,c thoa man dieu kien a+b+c- 1. Tim gia tri nho nhat cua 


bi& “ c: p= ^- i B- i £- 1 ) 


Truong THPT Yen Lac - Vinh Phuc - Lan 1 


Lai gidi tham khdo 
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1 

fl -j) 

f 1 _il 


j_ (1 - ab)( 1 - bc)( 1 - ca ) 

I 

[ab ) 

[be ) 

{<* j 

,l_ (abef 


Ap dung bat dang thuc Cauchy ta co: 

i ab^i (a+b)2 _ [( 1 + g )+( 1 +^)Ki+c) ^ a+cWa+fl)a+^) 

~ 4 4 ~ 2 


Tuong lV : 1 _ bc> _0±M^M±l 


If-, Y 

iYi 


i+- i 

: Ll 

l *A 

Y-, Y 

A i) 

i+- 

i+- > 

A h J 

l cj 


f-A- 

yjabc 


Vay min P = 8 khi a=b=c=- 


Cau 117: Cho cac so' thuc x, y thoa man (x-4) + (y - 4)“ + 2xy < 32. Tim gia tri nho nhat cua bieu 
thuc A = jc 3 + y 3 + 3(xy-l)(jc+y-2). 

Truong THPT Thach Thanh - Thanh Hoa - Lan 1 
Lai gidi tham khdo 

Ta co ( x-4) 2 + (y-4) 2 + 2xy <32<=>(jt+y) 2 -8(jt+y)<0<=>0<;c+y <8 


A = (x+y) -3(x + y)-6xy+ 6>(x + y) - —(jc + y)~-3(x + y) + 6. 
Xethamso': f(t) = t i -^t 2 -3t+6 trendoan [0;8]. 


Ta co /(0) = 6, 




l7-5y/5 ono c 17-5>/5 , 

---, /(8) = 398. Suy ra A>---Ta co 


f ( t ) = 3t 2 - 3t - 3, f(t) = 0 <=> t = 1 hoac t = 1 ^ (loai) 

Khi x = y = ^ thi dau bang xay ra. Vay gia tri nho nhat cua A la ^ 
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Cau 118: Cho a,b,c la nhung so thuc dircmg va thoa man a +b + c < — . Tim gia tri nho nhat cua bieu thiic 


= lla' + l ¥ + 2 T jib 2 +~ l 2 + 2 + Jit 

V a 2 b 2 b V b 2 c 2 c V 


Trirang THPT Thang Long - Ha Noi - Lan 1 


Lin gidi tham khdo 
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Ta co bat dang thuc sau luon dung: 

yj x i +vf+V^+>2 Zyj^ + xif+iyi + yi) 2 (1) 

That vay 

(1)<=> x? +y 2 +xj +yj + 2y[x?x£ +x?yj + xjy 1 2 +y 1 2 yj >x? + xj + 2x l x 1 +y 2 +yl+2y 1 y 2 
<=> yj*!*? +x i >2 + x\y 2 + y 2 y 2 > x l x 2 + y x y 2 

<=>(^ 2 -^l ) 2 >0 

Ap dung (1) hai lan ta co: yjx}+y? +yjx$ + yl +yj^ +>’3 - >/(*! +Xj +^) 2 +(^i + > , 2 +>’ 3 ) 2 (2) 


Bat a + b + c = t 


, suy ra a be < — . Ap dung (2) ta co: 


+ f I+ ( 4+ y 4’ + ( c+ i) a J( fl+4+ ‘ : ) !+ (‘ J+4+c+£ ^r £ ) 

Xetham /(*) = l 2 +|f+^J =2t 2 +- + ^- tren 

, u v , 54 4.27 2 4f 3 -54 4.27 2 f n 3~\ 

/’(')=*——= —-p—<0,Vre|^0;—J 

Ham so f(t) lien tuc va nghich bien tren J 0;^-j : do do: 


Khi a =b = c = — thi dau bang xay ra. 

• , , , £ , 3y/S2 

V ay gia tri nho nhat cua P la —-— . 


Cau 119: Cho x, y, z la cac so' thuc duong thoa man: x+ y + z 2 = xy + 5. Tim gia tri Ion nhat cua 


bieuthuc: P = - 


2x 

7 —7 -*- 

jc +y +18 x+y + Az 


4 i x +y) 

25 z 
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Truong THPT Thanh Chirong - Nghe An - Lan 1 
Lot gidi tham khdo 

Ap dung bat dang thuc AM - GM ta co: 

x 2 + y 2 >2xy = 2(x+y + z 2 -5)<=>x 2 + y 2 + 10>2(x+y + z 2 ) 

o x 2 + y 2 + 18 > 2(x+ y) + 2(z 2 + 4) > 2(x+ y) + 8 z = 2(x+ y+ 4z) 


Tu do suy ra: —5 r-< —--- =- 

x +y“+18 2(x+y + 4z) x+y + 4z 

Khi do: 

Voi t = X + y >0, xet ham so': f(t) = — -— 

z K J t + 4 25 

/'(')= r A?“s ;/ ' w=0c ’ 

(f + 4) 25 


(t + 4) =25 
4(x+y) 


x+y + 4z x + y + 4z 25 z 


x+y 4(x + y)_ 

x+y + 4z 25 z * + y 




25 z 


4 1 
25 


Do do, suy ra: /(?)</(!) = — = 


25 


Dau dang thuc xay ra khi va chi khi 


Jx+y = z;x=y fx=y = l 
[x+y + z 2 = xy + 5 [z = 2 


Vay gia tri Ion nhat cua bieu thuc P la —. 


Cau 120: Cho ba so' thuc khong am x,y,z. Tim gia tri ldn nhat cua bieu thuc: 


yjx 2 + y 2 +Z 2 +4 (x + y)y/(x + 2z)(y + 2z) (y + z)J(y +2x)(z + 2x) 

Truong THPT Chuyen Binh Long - Lan 2 
Lot gidi tham khdo 

Vo'i moi so' thuc khong am x, y, z Ta co': 

<J(x + 2z)(y + 2z ) < X + V + 4Z ^(x + y)J(x + 2z)(y + 2z) <{x + y) X + 4z 
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' . <■ , .x+y+4z x 2 + y 2 + 2xy + 4yz + 4zx ^ 2 2 

Mat khac ta co: (x + y )-1-=---1---< 2(af + y 2 + /)(1) 

Vi 2xy < x 2 + y 2 ; 4yz < 2 (y 2 + z 2 )-, 4zx < 2 (z 2 + s 2 ) 

Tuong tu ta co' (y + z)^j(y + 2 x)(z + 2x) <(y + z) y + ^ X < 2{x 2 +y 2 + z 2 ) (2) 


Tu (1) va (2) ta suy ra P < 
Hay P < 


yjx 2 +y 2 + z 2 +4 2 (a ; 2 +y 2 + z 2 ) 2 (a ; 2 +y 2 + z 2 ) 

^ -— .Dat t = \Jx 2 +y 2 + z 2 + 4 , t > 2 


yjx 2 +y 2 + z 2 +4 2 (a ; 2 + y 2 + z 2 ) 

Khi do' P < —--—. Xet ham so' /(f) = — --— ,t> 2 

t 2t 2 -4 t 2t 2 -4 

m- 4+44 - (4 - m * - 7 -- 16) ;/’(*) - Q ~^ 

e (t - 4 ) tut 2 - if 

(do t > 2 nen 4t 3 + 7t 2 - 4t -16 = 4(f 3 - 4) + t(7t - 4) > 0 
Lap bang bien thien cua ham so'/(f). Dua vao bang bien thien ta co' 

MaxP = — khi x = y = z = 2 


Cau 121: Cho a,b, c la cac so' there duong thoa man a + b + c = 1. 

(aV2+l)(z?V2+l)(cV2+l) 

Tim gia tri nho nha't cua bieu thuc P = --—-—-- 

abc 


Truong THPT Chuyen Binh Long - Lan 3 


Lai giai tham khao 

Su dung bat dang thuc trung binh cong va trung binh nhan cho ba so' duong ta dupe: 

1 = a + b + c> 3yjabc => y/abc < — 

3 


+ 1 j^C-\/2 4 


abc 
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,/2 + lYV5 + £YV2 + - 


=2 ^ +2 ri + i + iV4i + -L + il + -L 


a b c) \ab be ca) abc 

>2^2 + 2.3 .2p-+ V2.3.f.3p-1 + f J_ 

Sjabc abc J [f/abc 

= 2-72 + 3.(V2 Y-4= + V2.3.f -i_f+f ' T=f y/2+-fL= 

' ’ yjabc \ljabc J yljabc J v yfabc 

( Y 

> y/l +J = {yjl + 3j . Dau bang xay ra khi va chi khi a = b = c = ^. 

V 3v 

Vay gia tri nho nhat cua bieu thuc P bang ^^2 + 3 j . 


Cau 122: Cho a,b,c la cac so' thuc duong thoa man dieu kien a +b +1 = c . Tim gia tri nho nhat cua 

X.U ' r. b 3 c 3 14 

bieuthuc P = 


a+bc b + ca c + ab (c + l)yj(a + l)(b + l) 

Trudng THPT Chuyen Quang Trung - Binh Phudc - Lan 6 
Lot gidi tham khdo 

b 3 (a+b+1 ) 3 _14_ (a+b f 4(a+b+l ) 3 28 


(a+ b)(b+ 1 ) (a+ b)(a+ 1 ) (a+l)(b+l) (a+b+ 2 )^/(a+ l)(b+ 1 ) 2 (a+b+ 2 ) (a+b+ 2) 2 (a+b+ 2) 2 


9 1 14 24 

Dat t=a+b+2 (t>2). P > /(t) = — + — + =? -14 
2 t t 

53 15 

Cach 1: Su dung xet ham. tim duoc Min P= —. Khi a = b = -\c = - 
• 5 8 3 3 

r-uoc’j ^ „ 14 63r 14 8k 8k 53 

Cach 2: Su dimg Cauchy: P = — + — + -r + — +-14> —. 

r 32 i 2 64 64 8 


Cau 123: Cho x,y,z la cac so'thuc duong va thoa man: z{z-x- y) = x+ y + \. 
Tim gia tri Ion nhat cua bieu thuc T = 


(x + yz).(y+zx).(z+xy ) 

Trudng THPT Hung Vuang - Binh Phudc - Lan 2 


Lot gidi tham khdo: 
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Vi z (z - x- y) = x + y + 1 => (z + 1)( x + y) = z 2 - 1 vadoz >0 nen ta c 6 : x + y + 1 = z ■ 

Khi do: T = - 


(x + y).(l+y).(x + y).(l + x).[(x + l)(y+l)] 3 (x + y ) 2 . [(x + l)(y+1)] 4 

Ap dung BDT Cosi cho cac so' duong x, y ta co : ( x + j\ 4 _ (* + £ + A + > 4 4 |A_ = 4 4 iL, 

V J [3 3 3 J \ 27 J '27 

( y + ‘r=[f + f + f + l)V( 4 ^) -4‘.£' (x + yr>4xy. 

Do do (x+y) 2 . [(x + l)(y+l)] 4 > 4xy.4 H . X ^ = ^-.x 4 .y 4 suy ra 7 < ^-( * ) 


Dau "=" a (*) xay ra^J 3 3 = 3,y = 3 ,z=7- 

[z=x + y+l 


Vdy GTLN cua T= ~y khi x= 3,y=3,z = 7 

Cau 124: Cho a,b,c la ba so'thuc thoa man dieu kien abc +a +c =b . 

A , 2 2 3 

Tim gia tri Ion nhat cua bieu thuc : P = — ---b —-— 

& ' a 2 +1 b 2 +1 c 2 + l 

Truong THPT Le Hong Phong - Lan 1 

Lai gidi tham khdo 

Tugiathie't abc+a+c = b taco a + c = b(l-ac)>0^>b= ° + C 

1 -ac 


Khi do P = 


2 (a + cf 


a +1 (a +l)(c + 1 ) c z + l 


r-2 + ^— (0 < a < -). 


1 2c 3 

Khao sat ham bien a la f(a) voi 0 < a < - suy ra f(a) < / 2 + ——- = g(c) 


Khao sat ham g(c) voi 0 < c < +00 suy ra g(c)< — . 


Cau 125: Cho cac so' thuc duong a, b, c luon thoa man a+ b + c = 1. 

, . , i a +b 2 b +c 2 c + a. 2 _ 

Chung mmh rang :- 1 - 1 -— > 2. 


c + a a + b 

Truong THPT Loc Ninh - Binh Phuoc - Lan 3 
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Lai giai tham khdo: 

t 'a 7 T / a b c . . b 2 c 2 a 2 . . „ 

Ta co :VT =(-+-+-) + (—-+- ) = A + B 

b + c c + a a+b b + c c + a a + b 


A + J-i[( B+ « + » +£ ) + ( C + fl )][^ + ^ + ^]si3« fl+ fc)» + cX £ + fl )3^^ c -l 

=> A > — 

2 

l 2 = (a+b+ c ) 2 < )(a +b+b + c+ c+ a) o 1 < B.2 o B > - 

a+b b+c c+a 2 

Ter do taco VT>- + - = 2 = VP 
2 2 

Da'u dang there xay ra khi a=b=c=l/3 


9 

+ a 2 


Cau 126: Cho x, y, z la cac so' there khong am thoa man x 2 + y 2 +z 2 = 1. Tim gia tri Ion nha't cua 

^_y ? 


bieu there P = 


- + yjx + y. 


2 x"+ 2 yz + l 2 y~ + 2 xz + l 

Truong THPT Loc Ninh - Binh Pherac - Lan 1 
Lai giai tham khdo 

Ta co: 2yz + l = x 2 + y 2 + z 2 + 2yz = x 2 +(y + zf > 2x(y + z) 

Suy ra 2x 2 + 2yz +1 > 2x 2 + 2x (y + z) = 2x (x + y + z) = 


2 x + 2 yz + 1 2 x + y + z 

Terongter —^-< —-—-.Suy ra P<—( X + ^ j + . N /x + y=-| 1- 1 -| + -\/ x + y 


2 y + 2 xz + 1 2 x + y + z 2 i v x + y + z 

Ta co x + y < ^2^x 2 + y 2 ) = .^2(l-z 2 ) = \jl-2z 2 


2 ^ x + y + z 


Suy ra P<- 1- 


A V2-2z 2 


Xet ham so' f (z) = — 1 


A V 2 - 2 z 2 - 


yjl-lz 2 

Tyjl-lz 2 tren [ 0 ;l] 


f (z) = - 


V2-2z 2 (V2-2z 2 +zj tj( 2-2z 2 ) 3 


< 0 voi Vc e (0;l). 
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Do ham so' lien tuc tren [0;l], nen f (z) nghich bien tren [0;l] 

Suy ra P < f (z) < f (0) = — + . Dau = xay ra khi x = y = z = 0 

2 v2 

Vay GTLN cua P la — + -s/2 dat duoc khi x = y = —J=,z = 0 

Cau 127: Cho x > 0, y > 0 thoa man x 2 y + xy 2 =x + y + 3xy. Tim gia tri nho nhat cua bieu thuc: 

(1 + 2xy) 2 - 3 


P = x + y + - 


2xy 


Truong THPT Loc Ninh - Binh Phuoc- Lan 2 


Lai gidi tham khdo: 

+ Taco x 2 y + xy 2 =x + y + 3xy 

O xy(x + y) = x + y + 3xy (1) do x >0 ; y > 0 nen x + y > 0 

(1) =>*+;y = —+ —+ 3>—+ 3=>(* + j) 2 -3(*+y)-4>0 
x y x + y 

=> [(x + y) + l][(x+y)-4]>0^>x+y>4 
3 1 


(1) <^1 


x+y xy 


Nen P = (x + y) 2 + 2 - — = (x + y) 2 +1 + 

xy x + y 


+ Dat x + y = t(t>4) => P = t 2 -\ -h 1 = fit) 


3 2t - 3 

+Ta co f\t) = 2t - — = —-—>0 Vt>4 Nen f(t) dong bien tren nua khoang [4;+oo) => 

p=m>m= 1 4 

4 

Hay gia tri nho nhat cua P bang khi x= y = 2 


Cau 128: Cho cac so' thuc a, b, c thoa man: a + b + c- 0; a 2 +b 2 +c 2 =6. Tim gia tri Ion nhat cua 
bieu thuc F = a 2 b 2 c 2 . 

Truong THPT Nguyen Du- Lan 2 
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Lai gidi tham khdo 


Tir gt ta c6: 


b + c = -a 


[be-a -3 

He co nghiem khi a 2 > 4{a 1 — 3)<=> a 2 < 4 => a 2 e [0;4] 
F = a 2 b 2 c 2 = a 2 (a 2 - = t 3 - 6t 2 + 9t, t = a 2 e [0;4] 

r? = le[0;4l 

F t = 3r-12t + 9; F t =0<=>' L J 


= 3 e [0;4] 

F(0) = F(3) = 0; F(l) = F(4) = 4 

Suyra maxF = 4 khi (a;b;c) = (2;—1;—l) hoac cac hoan vi hoac {a;b;c) = {— 2;l;l) hoac cac hoan vi. 


Cau 129: Tim gia tri nho nhat, gia tri Ion nhat cua ham so' 
/(x) = V5x^-8x+32 - V-3?+24x +-y/3?-T2x + 16. 


Truong THPT Nguyen Du - Lan 3 


Lai gidi tham khdo 

Trade tien ta chung minh BDT : X > — x 2 + — (x > 0) (*) 
x + 2 18 18 


(*) <=> 18(x 3 +1) > (x + ifjx 2 + 5) 
<^> (x - l) 2 (l lx + 8) > 0 


luon dung voi moi x>0, d a'u "=" say ra khi x=l 


a 3 +b 5 ^ la " 5b F + c 3 ^ lb 1 5c 1 c 3 + a 3 7c 2 5a 


a + 2b 18 18 b + 2c 18 18 c + 2a 18 18 

i-p. \ r j. ? 12(a 2 +b 2 + c 2 ) . 

Tu cac dang thuc tren suy ra S > — x = 2 


Vay MinS =2 khi a=b=c=l 


Cau 130: Cho a, b, c, d la cac so' duong. Chung minh rang: 

1 1 1 11 

- 1 - 1 - 1 -^- 

a 4 + b 4 + c 4 + abed b 4 +c 4 +d 4 + abed c 4 +d 4 + a 4 + abed d 4 + a 4 + b 4 + abed abed 

Truong THPT Nguyen Du - Lan 4 
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Lai gidi tham khdo 

a 4 +b 4 > 2 a 2 b 2 ( 1 ); b 4 +c 4 > 2 b 2 c 2 ( 2 ); c 4 + a 4 > 2c V (3) 

a 4 + b 4 + c 4 > abc(a + Z? + c) => a 4 + b 4 +c 4 + abed > abc(a + b + c + d ) 

1 ^ 1 


a 4 +b 4 +c 4 +abcd abc(a + b + c + d ) 


(4)^> dpem. 


Cau 131: Cho cac so' duong x, y, z thoa man dieu kien xy + yz + ZX = xyz . Chung minh rang 
yfx+yz + y[y + xz + y[z + xy > y[xyz + yfx + y[y + yfz 

Truong THPT Nguyen Du - Lan 5 

Lai gidi tham khdo 

Dat a = — ,b = — ,c = — =>a,b,c>0 va a+b+c = l 
xyz 

Bat dang thuc can chung minh tuong duong: 

yja + bc + yjb + ac + yjc + ab > >fab + yfbc + yfac + 1 

That vay, yja + bc = <Ja(a + b + c) + bc = <Ja 2 +a(b + c) + bc > yja 2 + 2 ayfbc +bc 
> yja + bc > + y/bcj~ = a + yfbc 

Tuong tu, yfb + ac >b + y[ac , yjc + ab >c + yfab 

Cong theo ve cac bat dang thuc tren ta duoc: 
yja + bc + yjb + ac + y/c + ab > yfab + yfbc + yfac +a+b + c 
o yja + bc + yjb + ac + y/c + ab > yfab + yfbc + yfac +1 => dpcm 
Da'u dang thuc xay ra oa=b = c = ^Ox = y = z = 3 

2 2 

Cau 132: Cho x, y, z la ba so' duong thoa man: -+-=(x + y)(x+z). 

3x + 2y+z+l 3x + 2z+y+l 

Tim gia tri Ion nha't cua bieu thuc: P = 2 ( x + 3 ) +y +z ——. 

2x 2 +y 2 +z 2 

Truong THPT Nguyen Du - Lan 6 


Lai gidi tham khdo 
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Taco: (x + y)(x + z)< 

2 ( - ! - 

^3x + 2y+ z + l 

Tu gia thiet suy ra: 


(x + y + x + z) 2 _(2x + y + z) 2 


4 


1 


3x + 2z + y + lJ 3(2x + y + z) + 2 
8 ^ (2x + y + z) 2 


3(2x + y+ z) + 2 


Dat 2x+y+z = t (t>0)=> —-—< —<=>(t-2)(3t 2 + 8t + 16)>0 
y 3t + 2 4 

<=> t > 2 => 2x + y + z > 2 

Ma: 4 < (2x + y + z) 2 < (2 2 +1 2 +l 2 )(x 2 +y 2 +z 2 ) <=>x 2 +y 2 +z 2 > \ 


, 2x 2 + y 2 +z 2 +12x + 2 

o: P =--z-z--1 + 


2x 2 +y 2 +z 2 


12x + 2 

x 2 +x 2 +y 2 +z 2 


2,2 3x 2 +2 

x +- 
3 

Xet ham so': f(x) = 1 + + ^ voi x > 0. 

3x~ + 2 


, -36(3x 2 + x - 2) 

Taco: f (x) =-----, f (x) = 0 

(3x 2 + 2) 2 


x = —1 (loai) 


x = — =>f - =10 


Bang bien thien: 

Suyra: f(x) < 10 => P < 10. 

2 1 

Vay gia tri Ionnhat cua P la 10. Dau "=" xay ra khi: x = — , y = z = - • 


Cau 133: Cho cac so' thuc x,y,z thoa man 0 <jc< 1,0<y<l,0<z<l.Chung minh rang: 


1+ —|(x+y + z)>3 + - + - + -. 
xyz) x y z 


Truong THPT Nguyen Du- Lan 7 


Lai gidi tham khdo 

-tvrgtco x— 1 y —1 >0=>l>x + y— xy^> — > — + — — 1 

xy x y 
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xy yz zx \x y z) 

„ f, 1 ) 111 

P= 1 +- X + y + Z = X + y+Z+ — + — + —. 

{ xyz j xy yz ZX 

«* P > x + 3?+,#+2 - + - + - -3 
{x y z) 


i 1 1 1 1 1 1 „ 

> 2 1 x + y A Z —I-1— H-1-1-3 

[x y z) x y z 


xyz xyz 

Da'u bang xay ra khi x=y=z=l 

Cau 134: Cho ba so'there duong a,b,c va thoa man dieu kien a 2 +b 2 +c 2 = 3.Tim gia tri nho nhat 

a 3 +b 3 b 3 +c 3 c 3 +a 3 


cua bieu there : S = - 


a + 2b b + 2c c + 2a 


Trircmg THPT Nguyen Du - Lan 8 


Leri giai tham khao 

Treroc tien ta cherng minh BDT : X > — x 2 + — (x > 0) (*) 
x + 2 18 18 


(*) <=> 18(x 3 +1) > (x + 2flx 2 + 5) 
<^> (x - l) 2 (l lx + 8) > 0 


luon dung voi moi x>0, d au "=" say ra khi x=l 


Ap dung (*) cho x lan lupt la —; -; — 
b c a 

a 3 +b 3 > la 2 | 5 b 2 _ b 3 +c 3 > lb 2 | 5c 2 . c 3 +a 3 > lc 2 | 5a 2 . 
a + 2b ~ 18 + 18 ’ b + 2c ~ 18 + 18 ’ c + 2a “ 18 + 18 ’ 


Ter cac dang thuc tren suy ra S > 


12(a 2 +b 2 +c 2 ) = 


Vay MinS =2 khi a=b=c=l 

Cau 135: Cho x, y,z la cac so'there duong thoa man y + z = x(y 2 + z 2 ^- 

111 4 


Tim gia tri nho nhat cua bieu thuc P = 


[\ + x) 2 (1 + y ) 2 (1 + z) 2 (! + *)(!+4(1 + 4 ' 

Truong THPT Nguyen Van Troi - Lan 1 
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Lai gidi tham khdo 

Ta co (y + zf <2(y 2 + z 2 )=> x(y + zf < 2x[y 2 + z 2 ) <=>x(y+ z) 2 <2 (y + z)=> y + z<- 
TheoBDT Cosi (l + y)(l + z)<^-(2+y + z) 2 <=>(! + y)(l + z) <-^2 + -! <^>(l + y)(l + z)< ^ + 


1 


r (l) <=>- 


4x 2 


(l+y)(l + z) (1 + jc) 2 Q. + x)(l + y)(l+z) (l + x) 2 

1 1 


( 2 ) 


Lai co theo BDT Cosi - 


1 


1 


(i + y y (i +zy p +y y(i + zY 

1 2 _ m .. 1 


(l+T (l + z) ! (l+>)(l+z) 


(3).Tir(l)va(2) 


1 


2x 2 


Tir (2) va (4) => P > 
Xet ham so' f(x) = 


1 


2x~ 


_ _ 4x 2 

(1 + x ) 2 (1 + jc ) 2 (1 + jc ) : 

2x 3 + 6x 2 + x +1 


(1+y) 2 ( 1 + z) 2 (l + *)‘ 

2x 3 +6x 2 +x + l 
(1 + *) 3 


2 (4) 


( 1 + 


tren (0; +co). Ta co f'(x) = \ = 0 => x = - 

(1 + x) 5 


Lap BBT P>/(jc)>/^J = ^ . Vay GTNN cua .P = ^ <=> x = ~;y = z = 5. 

Cau 136: Cho x, y la cac so thyc ducmg thoa man: x + y < 1. Tim gia tri nho nhat cua bieu thuc: 

y 


, =(K+ t + ,|4/ + ^ +i 


So GD & DT Binh Plume - Lan 1 


Lai gidi tham khdo 




x 2 +l y +1 


P = M —N> 2yf5 - — 
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1 r 4 
x=y = -^P = 2yJ5 — 

2 5 


Khi ^MinP = 2^5- 


Cau 137: Cho a,b,c thuoc khoang (0;1) thoa man (- -1)(--1)(- -1) = 1. Tim GTNN cua bieu thiic: P = 

a b c 

a 2 +b 2 +c 2 . 

So GD & DT Binh Phiroc - Lan 2 


Lot gidi tham khdo 

Ta co: (-1)(-1)(— 1) = 1 <=> ab + be + ca = a + b + c — 1 + 2 abc 

a b c 

p = (a + b + c ) 2 - 2 (ab + bc + ca) = (a + b + c) 2 - 2 (a +b + c- 1) - 4 abc 

Theo Co si abc < (---) 

Bat t = a + b + c, ta co: 


P>t -2t + 2 - 1 v oi 0 <t < 3 

27 


Khao sat ham so trentimra minP =3/4 khi t=3/2 hay a=b=c=l/2 


Cau 138: Cho so' there a,b,c khong am sao cho tong hai so' bat ki deu derong. Chung minh rang 
b _ f~c 9 ylab + bc + ca 


Truong THPT Chuyen Bien Hoa - Lan 1 


b+c \c + a \a+b a+b+c 


Lbi gidi tham khdo 
c 9 'Jab+bc+ca 


b+c \c+a \a+b a+b+c 

Gia su a>b>c , khi do J-^- + >.t^-+ =Jb + c 

\a + c \a+b Mb + c \c + b 


Dat t = b+c thi P > 




9 'Jat 


Ta co .[^+.[^ + ^^ = ^+^^>6(AM-GM).Dod6 P> 6 (dpcm) 
V* \a a+t a+t 


- THAY TAI - 0977.413.341 


100 











Tim tai lieu Toan ? Chuyen nho - www.toanmath.com 

TAl LIEU LUYEN THI THPT QUOC GIA I 2016 


Dang thuc xay ra khi a + t = 3 yfat va chang han mot bo (a, b, c) thoa man la (a,b,c) = [ ^ + ^ ^ ; 1; 0 


Cau 139: Cho so' thuc m Ion nhat sao cho ton tai cac so' thuc khong am x,y,z thoa man 
x+y+z= 4 va x 3 + y 3 +z 3 +8(xy 2 +yz 2 +zx 2 ) = m 

Truong THPT Chuyen Vinh - Lan 2 
Lot gidi tham khdo 

Gia su ton tai cac so' thuc x,y,z thoa man yeu cau bai toan dat ra. 

Khong mat tinh tong quat ta gia su y nam giua i va z. Ke't hop voi gia thie't ta co 

0<y<2 va x(y-x)(y-z) <0 

Tu day ta dupe xy 2 + yz 2 + zx 2 < y(x + z) 2 

Mat khac do i, zkhong am nen x 3 +z 3 <(x + z) 3 

Do do m<(x + zf +y 3 + 8 y(x + zf = (4 - yf + y 3 + 8y(4 - y) 2 = 8y 3 - 52y 2 + 80y + 64 (1) 

Xet ham so' /(y) = 8y 3 - 52y 2 + 80y + 64, 0 < y < 2 . Ta co 
f\y) = 24 V 2 - 104y + 80 = 8(3y 2 - 13y +10) 

/'(y) =0,0<y<2<=>y = l 

Ta co /(0) = 64, /(1) = 100, /(2) = 80. Suy ra f(y) < /(1) = 100, Vy e [0; 2] (2) 

Tir (1) va (2) ta dupe m < 100 

Khi x = 0, y = 1, z = 3 ta co da'u dang thuc 

Vay so' m Ion nhat can tim la 100 

Cau 140: Cho a,b,c la ba s6 thuc duang thoa man: a 2 +b 2 +c 2 =3. Tim gia tri lan nhat cua bilu thuc: 


j a + 2-v/ab + c ] 

f b + 2y/bc + a "1 

( c + 2Vca+b ) 

1 -i J 

T b + i J 

+ l J 


Truong THPT Chuyen Thoai Ngoc Hau - Lan 1 
Lot gidi tham khdo 

u|a;>/2a;lj;v|l; V2b;cj => 

b + 2-y/bc + a 
b + 1 

Suy ra : P < 3 + 2(a + b + c) + c 2 + a 2 + b 2 = 6 + 2(a + b + c) < 12 
Vay : P lan nhat bang 12 dat dupe khi a = b = c = 1 


< l + 2c + a 2 ; 


c + 2^|ca + b 
c + 1 


j' a + 2-Vrt+c j £1 + 2b + c 2. 
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Cau 141: Cho x > 0 va y > 0 thoa man dieu kien x + y = 2. Tim gia tri Ion nhat cua bieu thuc 


P = xy 


1 

xy + l 


Truong THPT Chuyen Nguyen Dinh Chieu - Lan 1 


Loi gidi tham khdo 


Tac6 0<xv<(TiT) ! =l 
Bat t = xy, di£u kien 0 < t < 1 


P = t+—=>P =1-—1— 
t +1 (r+1) 2 


(t+iy 



VayGTLN P = | Khi x = t y = 1 


Cau 142: Cho ba so thuc duong x,y,z thuoc doan [l;4] va thoa man x+y + z = 6 . Tim gia tri nho 

nhat cua bieu thuc: T = —^—— + * + ~ V —- . 

8(x + y ) xyz 

Truong THPT Han Thuyen - Bac Ninh- Lan 2 
Loi gidi tham khdo 

X +y >2,(x-l)(y-l) = xy-x-y + l>0^xy>5-z^—— > 
xy xyz (5 - z) z 

x 2 + y 2 =(x+y) 2 -2xy <z 2 -10z + 26 

DS: T = ^,x = y = l;z = 4 

Cau 143: Tim gia tri nho nhat, gia tri lan nhat cua ham so 
f(x) = V5x 2 -8x + 32 - V-3x 2 + 24x + yjsx 2 -12x + 16 

Truong THPT Le Loi - Thanh Hoa - Lan 2 
Lai gidi tham khdo 
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f(x) = V5x 2 - 8x + 32 - V-3x 2 + 24x + ^3x 2 - 12x +16 < >/5x 2 - 8x + 32 + ^3x 2 - 12x +16 

< I2V2 + 4\fl (Khao sat ham 1 bie'n) 

f(x) = ~. - ( x ~ 2 ) +V3 x 2 -12x + 16>2 

V5x 2 - 8x + 32 + V-3x 2 + 24x 


Vay: P nho nhat bang 2 dat dvrgc khi x =2 ; P Ion nhat bang 12-72 + 4-77 dat dugc khi x = 8 


Cau 144: Cho a,b,c la cac so'thuc dnong thoa man : (be +l) 2 ' + a 2 =2(1 + a) + bc 


A , ? a? &ci c 4 

Tim gia tri nho nhat cua bieu thiic P =-—-b 


12 yfa 


be (c + l) a 2 +1 

Truong THPT Lien Son - Lan 1 


Leri gidi tham khao 


„ a+1 1 4 U^a 

P = ^- + - + - 


a 2 bc b (1 + c) a 2 + l 
(Z?c + l) +a 2 = 2(1 + a) + Zjc <=> Z? 2 c 2 + Z?C = 1 + 2d — ££ 2 = 2 — (a — l)~ < 2 


a+1 a+1 

>6c<l ——>—— 

a"bc a“ 


Vi 


1 1 4 4 

->c^>- +- 7 >c +-^ 

ft b (1 + c) 2 (1 + c) 2 


c +1 c +1 4 4 

Theo Co-Si —+ —+ 0 >3^c+ >2 

2 2 (l + e ) 2 (1 + c) 2 

^ a + 1 ^ 12-Ta" a + 1 _ 12Va 1 1 

Do do P> — - —I- 2 - t —— > —-—I- 2 — 


a+1 


2 a 



2 


Dat t = —!= >0=>P>£ 4 +i 2 -6i + 2 
yja 

Xet ham so' / (i) = i 4 + 1 2 — 6t + 2 , t > 0 
C6 / (i) = 4r 3 +2i-6, /'(f) = 0of = l 
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Bang bien thien 


t 

0 1 +00 

/(<) 

0 + 

/(') 

2 \ 


Ta duoc P> f (t)>—2 


t= T =l 

be = 1 a=b = c = 1 

c = 1 


Dau = xay ra khi 

Vay min P = —2 dat duoc khi a = b = c = 1 


Cau 145: Cho a,b,c la cac so' thyc khong am thoa man a 2 +b 2 +c 2 = 2. Tim gia tri Ion nhat cua 
b+c l+bc 


bieu thiic: P = - 


cT+bc + a + a a+b + c +1 9 


Truong THPT Nghen - Ha Tinh - Lan 1 


Danhgia a(b + c)<l + bc;l + bc> 


Lai gidi tham khdo 

(i a + b + c ) ~ | @ _t _—_£— r e To ; V6~| 

4 J t +1 36 L J 


DS : MaxP-- khi a=b = \\c = 0 hoac a = c = l;b=0 
9 

Cau 146: Cho a,b,c la ba so thyc dirang va thoa man: a + b+c = 3. Tim gia tri nhd nhat cua bieu thiic: 
„ 25a 2 25b 2 c 2 (a + 2) 

V2a 2 + 7b 2 +16ab V2b 2 +7c 2 +16ab a 

Truong THPT Tran Hung Dao - DacNong - Lan 1 
Lai gidi tham khdo 

. 3c 2 , J 3 . 2\ 25c 2 
c J 3a + 2c 


>/2a 2 +7b 2 +16ab = J(a + 4b)(3a + 2b) < 2a + 3b ; + 2c = c 2 - + — >--— Suy 

’ a la c J 3a + 2c 


P>25| —-+ —-+ —-| + c 2 - 2c > c 2 - 2c +15 

^ 2a + 3b 2b + 3c 2c + 3a J 
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Vay : P nhd nhat bang 14 dat dirge khi a = b = c = 1 


1 f a + b )fb + c) 

I (b + c)(c + a) 

1 (a + c)(a + b) 

y(a + b)(b + c) + a + c 1 

i(b + c)(c + a) + a + b \l 

l(a + c)(a + b) + b + c 


Cau 147: Cho a,b,c la ba so' there dirong va thoa man: a + b + c = —. Tim gia tri Ion nhat cua bieu 


thuc: P = 


Truong THPT - Nguyen Sy Sach- Lan 1 
Lai giai tham khao 

Dat: x = a + b,y = b+c,z = c+a=>x+y+z = l 


. I Xy = - yt -r < - ( —I tuong tu cac bieu thuc con lai suy ra S < - 

y xy + z ^(x + z)(y+ z) 2^x + z y + zj 6 ' y 2 


3 1 

Vay : P Ion nhat bang — dat dirge khi a = b = c = — 


Cau 148: Cho x,y,z la ba so thuc khong am va thoa man: x +y +z =1. Tim gia tri Ion nhat cua bieu 
, , „ 1 1 1 


yJx + 2 yjy+l <Jz + l 


Truong THPT Trung Gia - Lan 2 


Lbi giai tham khao 


f 

1 _ y +z+2 , 2 J 

r 1+ * ] 

{y/y + 1 -Jz+1 j 

| yz + y + z + l \Jyz + y + z + l 1 

v Vy+z+iJ 


Suy ra : -^= + -^<1 + -=^= ; (x + y + z) 2 > x 2 + y 2 +z 2 =l=>y+ z >l-x 
-v/y + 1 Vz + 1 yy + z + 1 


>P<l + ^_ + _J = <2 + ^, 
Vx + 2 V 2-x V 3 


Vay : P Ion nhat bang 2 + —j= dat dune khi y =z =0 ; x = 1 
v3 


Cau 149: Cho a, b, c la cac so' thuc duong . Tim gia tri nho nhat cua bieu thuc 
_ a+b b+c c+a 


a + b + c b + c + Aa c + a + 16b 


Truong THPT Ischool Nha Trang - Khanh Hoa - Lan 1 


Lbi giai tham khao 
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Dat x=a + b + c;y=b + c + 4a;z = c + a + 16b, ta co x,y,z > 0 va 
. Khi do 


a_y~ x fo_ z ~ x ^ _ 2 lx - 5 y-z 


y-x | z-x z-x | 21 -5y-z 21~5y~z | y-x 

t_ 3 15 | 15 15 | 15 3 _ 


4 ly 1 z 4 x 16 z 

-1- H-1-1- 

5 3 x 15 x 3 y 15 x 3 


Ifz+4'V-Lf* 

3^x yj 15^x 


- 6x + 5 y + z 20x -5y 16 x-z 

15x 15y 15z 


Ap dung bat dang thuc Cauchy ta co 

P>2 + A_i = M 

4 15 5 15 

Vay P dat gia tri nho nhat la — khi a = —c,b = —c . 
■y ■ & ■ 15 7 7 


Cau 150:Cho x, y la hai so' thuc duong, x + y = 1. Tim GTNN cua P = x-Jl-y" +yVl -x‘ 

Truong THPT Ischool - Nha Trang - Khanh Hoa - Lan 2 


Leri gidi tham khdo 


P 2 = 1 - 2xy - 2x 2 y 2 + 2 xy + 2xy^x z y 2 + 2xy 


Dat t = xy, 0 < i < — 


Xet hs /(f) = 1 - 2f - 2t 2 + 2 Nt 2 + 21 tren (0; -] 

fit) = -2 - 4 1 + 2yjt 2 +2t + + V < _2 -4 1 + 2^t 2 + 2t <0 Vf e (0; -] 

4t 2 +2t 4 

(Vi pt g(t) = -2-4 1 + 2 Vt 2 +2 1 = 0 <=> 3t 2 + 2t +1 = 0 vo nghiem va j = ~ 

i i 'N ^ /q 

Suy ra hs f(t) nghich bie'n tren (0; -] => fit) > /l-J = -=>P>^—.VayP dat gia tri nho nhat la 

khi va chi khi x = y = —. 

2 


-< 0 ) 


Cau 151:Cho cac so' thuc a > c thuoc [4; 6] V a thoa man dieu kien <* + b + c — 15 Ti m gia tri Ion 

a 3 6 3 + b 3 e 3 + c 3 a 3 + 30abc + 180 1 


nhat cua bieu thuc 


ab + he + ca 


Truong THPT Thuan Chau - Son La - Lan 2 
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Lai gidi tham khdo 


+) Bien doi cac dai luong khac cua bai toan theo dai luong 

t= ab + be + ca 
Thu nhat: 

(a - 4 Xb - 4)(c - 4) > 0 o (ab - 4a -4 b + I6)(c - 4) > 0 
abe — 4ac — 4 be + 16c — 4ab + 16a + 16b — 64 > 0 
& abe — 4t + I6(a + b + c)-64 >0<i» abe — 4t + 176 > 0 
o abe >41 — 176 o —abe < -4t + 176 

Suy ra: 

(ab + be + ca? + 180 1 t 2 + 180 1 44 

P =----- ab e <- 1 + — 

ab + be + ca 20 t 5 5 

„ 4 180 44 

^p<_ t + __ + _ 

Thu 2: 

(a - 6Xb - 6)(c - 6) < 0 o C ab - 6a -6b + 36)(c - 6) < 0 
abe — 6 ac — 6 be + 36c - 6ab + 36a + 36b - 216 < 0 
abe — 6t + 36(a + b + c) - 216 < 0 
<=> abe — 6 1 + 324 < 0 » abe <6 1 — 324 



=> 2t > 148 =» t > 74 
Thii 3: 

IS 2 = C a + b + c) 2 = a 2 + b 2 + c 2 + 2(ab + bc + ca) 


= i (a 3 + b 2 - 2ab +b 2 + c 2 - 2be + c 2 + a 2 - 2ca) + 3(ab + be + ca) 
= \ [(a — b) 2 + (b - c) 3 + (c - a) 2 ] + 3t > 3t 


Suy ra — ^5 
Xet ham so' 


4 180 44 

m = -t + — + t e [74; 75] 


4 180 4t 3 — 900 

f'm = t> => t=+is 

Suy ra / (£) < 0, t e [15; 16] 
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Do do ham nghich bien tren [IS; 16] 
suy ra ~ /US ), t e &5j 

Gia tri Ion nhat cua bie’u thuc P la: 

4 180 44 

Als) = iZs + 7T + T =3s 

P = 3 S a = 4, b = S, c = 6 hoac cac hoan vi cua (4,5,6) 


Cau 152: Cho a, b, c la do dai ba canh cua mot tarn giac. Chung minh rang: 


1 1 1 

—I-1-1— 

a b c a + b + c la + b b + c c + a 


9 1 1 1 

->4 -+-+ - 


Truong THPT Thuan Thanh - Bac Ninh - Lan 2 


Lai gidi tham khdo 

Khong giam trnh tong quat, gia sua + b + c = l. 

1 


Vi a, b, c la ba canh cua mot tarn giac nen a,b, C e | 0; 

Bat dang thirc can chimg minh tuong duong vcri : 

( T ^ 4 ) + ( l ^ 4 ) + ( Tr 74) £9e " /( ‘' )+/( * )+/(c)s9 

Ta danh gia f{x) = < 1 &x - 3, V* e j c* (3* -1 ) 2 (2* -1) < 0, V* e ^0; ij 

Bat dang thirc nay dung vdri V* e|o;^j 

Dodo f(a)+f(b) + f(c)<l&(a+b+c)-9 = 9 (dpcm) 

Dau bang xay ra khi a = b = c = ^, do do dau bang xay ra cua bat dang thirc 
ban dau la a = b = c 


Cau 153: Cho x, y, z la cac so' thuc duong thoa man x+y+z = 1. Tim gia tri nho nhat cua 

14 z 3 . x 3 ^_ 3 


(z+i)^(x+i)(y+i) z + *y * + yz y+zx 


Truong THPT To Van On - Lan 1 


Lai gidi tham khdo 
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+ (z + lU* + l)(y + l )<^ 

_14_^ 28 

(z + l)yl(x + l)(y + l) (z + i ) 2 

+ z + x y = (x + l)(y + l)<tii 

1 > 4 _ z 3 ^ 4z 3 

z+xy~(z+i) 2 z+xy~(z+ 1 ) 2 

, * 3 , y 3 ^ i x2 + y 2 ) ^ x 2 + y 2 ^ (z-if 

x+yz y + zx x 2 + y 2 + 2 xyz z + 1 2(z + l) 

+ /'(z) = 0»z = | 


53 53 15 

i- lap bang bieh thien, ta duoc P> /(z)> — => min P = —,khi x = y = -,z = -. 


Cau 154: Cho x,y,z la cac so' duong thoa man xyz + x + z = y .Tim gia tri Ion nhat cua bieu thuc P = 
2 2 4z 3z 


2 +l y 2 + 1 y/z 2 + l (z 2 +l)ylz 2 + l 


Truong THPT To Van On - Lan 2 


, tr X+ Z ~ 2 ~ 

+ Viy=-,nen —--— = 2 

1-xz x 2 +l y 2 +1 




Lbi gidi tham khao 

(1 -xz) 2 1 


+1 (x 2 +l)(z 2 +l)J 
2z[z(1-x 2 ) + 2x] < 2z[V(1-x 2 ) 2 +4~7] _ 2z D&t t z 
(x 2 +l)(z 2 +l) ~~ (x 2 +l)^/(z 2 +l) V7+l' * V7+1 


Ta co P <-2t + - 


- = -3t 3 +1 = f(t) voi t e (0;1) 


+ Khao sat ta co ket qua Maxf=f(^) = ^ dat duoc khi z = ~~ = ~ x = ^ y 


VI CONG DONG - THAY TAI - 0977.413.341 


109 





















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


TAI LIEU LUYEN THI THPT QUOC GIA 2016 


Cau 155: Cho x,y la cac s6 duang thoa man —+ — + — = 3 .Tim gia tri Ion nh&t cua bieu thuc: 

x.y x y 

ljr 3 y 3x 111 

x(y+1) y(x+l) x + y x y 

Trtrcmg THPT Ton Diic Thang - Lan 1 


Lai gidi tham khdo 


1 1 

Bat a = — >0,b = — >0 .Theo debaitac6: 


3 - (a+ b) = ab < 


y 

(a+b) 2 


Ket hop dieukien a + b >0 suyra a+b> 2 

w 3 a 3 b ab 2 »2 

M =-+-+- a -b 

b +1 a +1 a+b 

_ (a+ b) 2 - lab + a + b ab 2 i_ 2 n , 

ab + a + b +1 a + b 

3 ( a+ b)^-2(3-( a+ b)) + a+b + 3-(a+b) _ (a+ fe)2 + ^_ (>+ fe)) 


3-(a+b) + a+b 

ir , lx2 , ^ 12 

-— —(a+b) + a + b + 2 h- 

4|_ a + b 


a + b 


Bat; t = a + b > 2 

12 

Xet ham so: /(t) = -t 2 +1 + 2 + — 

t 

/’(t) = -2t+l-pUo,W>2 

Suy ra ham so /(t) nghich bien tren (2;+ 00 ) 


max / (t) = f(2) = 6 Suy ra gia tri lan nhat cua M bang — khi a=b=l <^> x = y = 1 

[2;+») 2 

Cau 156: Cho x, y la hai so' thuc duong thoa man 2x+3y <7. Tim gia tri nho nhat cua bieu thuc 
P = 2xy + y + yj5(x 2 + y 2 ) -24^S(x+ y)-(x 2 + y 2 +3) . 

Truong THPT Ton Due Thang - Lan 2 
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Lai gidi tham khdo 

Taco 6(x+l)(y+l) = (2x+2)(3y + 3)<^ 2x+2 + 3y + 3 ^ <36^ x + y + xy<5. 


Ta co 5(x 2 + y 2 ) > (2x + yf => ^5(x 2 +y 2 ) >2x + y va 
(x+y-3) 2 =x 2 + y 2 +9 + 2xy-6x-6y >0 
<s> 2{x + y + xy + 3) > 8(x +y)- (x 2 + y 2 + 3) 

Suyra P>2(xy + x+ y)-24%j2(x + y + xy + 3) \ 

Bat t = x+ y + xy, fe(0;5] , P>f(t) = 2t-24yj2t+6 

. 24.2 ll(2t + 6) 2 -8 , , 

Taco /'(f) = 2- , = 2 V \ ; < 0, Vf e (0; 5] 

3^(2t+6) 2 fat+6) 2 

Vay ham so f(t) nghich bien tren nua khoang (0; 5]. 

Suyra min/(f) = /(5) = 10-483/2 . 


Vay min P = 10 -48 3/5“, khi 


y = 1 


Cau 157: Cho x, y, z la cac so' thuc duong thoa .x 3 + y 2 + z = 2-^3 +1. Tim GTNN cua 
1 1 1 

“T + 3- 


P = - 


x y 


Truong THPT Tran Binh Trong - Khanh Hoa - Lan 1 


Lai gidi tham khdo 

A = +2 —+ 2xy + 2008 voi: jc>0,y >0,x + y <1. 

x +y i^xy ) 


Taco: x>0,y>0 

I — 2 114 

x + y > 2Jxy <=> (x + y) > 4xy <» — + — >-, Dau bang xay ra <=> x = y 

' ' x y x+y 


^ , 1 2 f 1 Ilf, 1)5 

Ta co: —= - T + — + 4xy = — 5 — + 4xy +- +- 

x“ + y xy l^x +y 2xy J y 4xy J 4xy 


4 15 „ 

--- + 2 4xy. -+- T = - t + 2 + - T =- y>U 

+ 2xy + y \ 4xy (x + y) (x + y)' (x + y) (x + y) 


Suy ra A > 2027, Min A = 2027 <=> x = y = - 

2 
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Cau 158: Cho 3 so'thuc x;y;z duong thoa dieu kien x+y + z= 1 ■ Tim GTNN cua 

P = i. i ^ 
y+z z+x x+y 

Truong THPT Tran Cao Van - Khanh Hoa - Lan 1 
Lai giai tham khao 

Dat y + z = a\z+x = b\ x+y = c suyra a+b+c = 2 

* 2 ( l -«) 2 1 „ v „ 1 1 1 , . ,, 111 , 

-=- = - + a -2 vaP = — + —H \-(a + b + c)-6 = — H 1-4 

y+z a a a b c a b c 

111 9 9 1 

Chung minh. — h -h - >-= — => P > — 

a b c a+b+c 2 2 

Min(P)=^jt = y = z = i 


Cau 159: Cho x, y, z la ba so' thuc duong thoa man: x + y+z > 3. Tim gia tri nho nha't cua bieu thuc: 

x 2 y 2 z 2 


yz + yS + x 3 zx + ^S+y 3 xy + V8 + z 3 


Truong THPT Tran Quang Khai - Lan 3 


Lbi giai tham khao 

Theo BDT Bunhiacopxki: 

P j^yz + >/8 + x 3 j + |zx + ^8 + y 3 j + |xy + yjs + z 3 > (x + y + x) 2 

« P >_ ^ x+ y +z > 2 _ 

xy + yz + zx + yjs + x 3 + ^8 + y 3 + yjs + z 3 


Ta co: yjs + x 3 = y](2 + x)(4 - 2x + x 2 ) < 


2+x+4-2x+x 6-x + x 


Tuong tu: ■ S js+y 3 < ^ ^ +y ; yjs+z 3 < ~~~~~ 


Suy ra: P > 


2(x + y+ z) 


2xy + 2yz + 2zx +18 - (x + y + z) + x + y + z 
2(x + y+ z) 2 


(x + y + z) 2 -(x + y+ z) + 18 
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Dat t = x+y+z (t>3). Khi do: P> —- 

t 2 —t + 18 

Xethamso': f(t)= 2t - vdi t>3. f'(t) = 2 ^ 1 +36t - ) f'(t) = 0<z>t = 36 

t 2 — t+18 (t 2 -t + 18) 


BBT 


Tu BBT ta c6: GTNN cua P la: ^ khi t = 3. khi |x = y = z = l.| 

Cau 159: Cho cac so thuc khong am x, y thoa man x 2 + y 2 + (3x - 2)(y - 1) = 0 
Timgia tri Ion nhat cuabieu thuc P = x 2 + y 2 +x+y + 8-^4 -x-y 

Truong THPT Tran Dai Nghia - Lan 1 
Lai gidi tham khdo 

+ Ta co x 2 + y 2 +(3x-2)(y-l) = 0 <=> (x+ y) 2 -3(x+ y) + 2 = -xy-y 
Vi x,y khong am nen (x + y) 2 - 3(x +y) + 2<0<=>l<x+y<2 
Dat t = x+y khi do fe[l;2] 

Taco P = x 2 + y 2 +x + y + 8yl4-x-y <(x + y) 2 +(x + y) + 8yj4-(x + y) 

P<t 2 +t + Syj4-t 

+ Xet ham f(t) = t 2 +t + 8>/4 -t vdi t e [o] 

ta cof'(t) = 2t+l — — vdi t e[l;2l =>/'(f) >3 --^=>0 vdi t e[l;2l 
y/4-t V 2 

va f(t) lien tuc tren doan [1;2] nen f(t) dong bien tren doan [1;2] 

-» maxfit ) = /(2) = 6 + 8^2 => /(f) <6 + 8 <J2 
[i;2J 

P < 6 + 8-v/2 ,P= 6+$j2 khi 
KL: Gia tri ldn nhat cua P la 6 + 8^2 dat duoc khi x = 2 va y = 0 

Cau 160: Cho cac so' thuc duong a,b,c thoa man: yja 2 +b 2 +8 + y/b 2 +c 2 +8 + y/c 2 +a 2 +8 =12 
Tim gia tri nhd nhat cua bieu thuc P = a 3 + b 3 +c 3 . 

Truong THPT - Tran Phu - Vmh Phuc - Lan 1 
Lai gidi tham khdo 
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Ta CO (a 2 +b 2 +S)+l6>Sy/a 2 +b 2 +8 (1) 


Tuong tv (b 2 + c 2 + 8) +16 > 8^ 2 +c 2 +8 (2) 


(c 2 + a 2 + 8) +16 > SyJc 2 + cf + S (3) 
Cong (1), (2), (3) ve voi ve, thu dupe 


2 (u 2 +b 2 + c 2 ) + 3.8 + 3.16 > 8(V cr +b~ + 8 + "\Jb~ +c 2 + 8 + \Jc 2 + ct 2 + 8) 


Ma >/a 2 +£ 2 + 8 + yjb 2 +c 2 +8 + \Jc 2 +a 2 +8 = 12 suy ra a 2 +& 2 +c 2 >12 


Ta co a 3 + a 3 + 8 > 6a 2 ; Z? 3 + b 3 + 8 > 6b 2 ; c 3 + c 3 + 8 > 6c 2 
Suy ra 2(a 3 + b 3 +c 3 ) + 3.8 > 6(a 2 + b 2 + c 2 ) > 6.12 
a 3 +b 3 +c 3 >24 

Dau dang thuc xay ra khi va chi khi a = b = c = 2 .VayP dat gia nho nhat bang 24 
Cau 161: Cho cac so'thuc duong x, y : z thoa man: 5 ( x 2 +y 2 + z 2 ) = 9(xy+2yz +zx ). 

, , x 1 

Tim gia tri Ion nhat cua bieu thuc P = —----. 

y +z 2 (x + y+zf 

Truong THPT Tran Thi Tam - Lan 1 


Lot gidi tham khdo 


Theo gia thiet ta co 

5(x 2 + y 1 + z 2 ) = 9 (xy + 2 yz + zx ) 5(x + y + zf = 9 {xy + 2 yz + zx) +10 {xy + yz + zx) 

<^> 5(x + y + z) 2 = 19 x(y + z) + 28 yz < 19 x(y + z) + 7 (y + zf 



Mat khac ta co (y + zf < 2 (y 2 + ^ 2 ) <=> y 2 + P > ^ (y + 2 :) 2 




+ 16 <16 
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Vay min P = 16; dau bang dat tai 


y=z o - x 

1 \y = z = — 

y + z = - { 12 

6 


Cau 162: Cho a,b,c la cac so thuc khong am thoa man a 2 b 2 +c 2 b 2 +1 < 3b. Tim gia tri nho nhat cua bi6u 
1 4 b 2 8 


(a + 1) 2 (1 + 2 bf (c + 3) 2 


Tracing THPT Trieu San - Thanh Hoa - Lan 1 


Lai gidi tham khdo 

_L_ 1 _8 

(a + 1) 2 (1 + 2 bf (c + 3) 2 (a + 1) 2 (± + ij ( c + 3 ) 2 

- Dat d = —, khi do ta co: a 2 b 2 +c 2 b 2 +1 < 3b trb thanh a 2 +c 2 +d 2 < 3d 
b 

118 8 8 

Matkhac: P = 


(° +i ) (! + ij ( c+3 ) ( a+ | +2 j < c+3 ) 


a+ l +c+5 ] (2a + d + 2c + 10) 


- Ma: 2a+4d + 2c<a +l+d +4+c +l = a“+c/"+c +6<3d + 6 
Suyra: 2a + d + 2c<6 


- Do do: P > 1 nen GTNN cua P bang 1 khi a = l,c = l,b = — 


Cau 163: Cho a,b,c thuoc khoang (0;1) thoa man (--1)(--1)(--1) =1. Tim GTNN cua bieu thuc 

a b c 

P= a 2 +b 2 +c 2 

Truong THPT DL Le Thanh Ton - Lan 1 


Lai gidi tham khdo 

(—-1)(—-1)(—-1) = 1<=> ab + bc + ca = a+b + c-\ + 2abc 
a b c 

P =(a+b + c ) 2 -2 (ab + bc + ca) = (a + b + c ) 2 -2 (a + b + c- 1)-4 abc 
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Theo Co si abc < ( a+ ^ + C ) 3 
3 

„ 4 , 

P>r-2t + 2 - 1 vai t = a+b+c (0<t<3) 

27 

Khao sat ham so' tr en tim ra minP =3/4 khi t=3/2 hay a=b=c=l/2 

Cau 164: Cho cac so' a, b, c khong am sao cho tong 2 so' bat ki deu duong. Chung minh rang: 

JX+JXJX + 9 ^ b+bc+ca _> 6 , 

Vb + c Va + c Va + b a+b + c 

Truong THPT Chuyen Bien Hoa - Lan 1 


Lai giai tham khao 



Dat t = b + c thi P > 



9\[at 

a+t 


Ta co: 



9yfat 
a + t 


^±l + ^>6 (AM-GM).Dodo P>6 (dpcm). 
yat a + t 


Dang thuc xay ra khi a + t = 3-Vat va chang han mot bo (a,b,c) thoa man: 


Cau 165: Cho a,b,c la ba so thyc khong am va thoa man: ab+bc+ca = l. Tim gia tri nhd nhat cua bieu 
a + 1 b + a 2 +lf 1 c ^ 

16(b + c)(a 2 +bc) \jl6(c + a)(b 2 + ac) 4 ^a ab J 

Truong THPT Dak-Mil DakNong - Lan 1 


Lai giai tham khao 
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I a 2 +bc 

lab + ac ^ 2a(b + cj ^ 1 

1 ab + ac V 

a 2 + bc a 2 +bc 


be ^(b + c)(a 2 +bc) (a + b)(a + c) 


(a + b)(a + c) (a + b)(b + c) 


--!-+—]==> p>i 

4 a ab 4 


(a 2 + l)(b + c) 
4ab 


4ab + 2ac+2bc 
(a + b)(a + c)(b + c) 

Lai co : ab+bc+ca = l=> ( g2 + 1 )( b + c ) _ ( a + b )( b + c )( c+a ) ^ (a + b)(b+c)(c+a) 

4ab 4ab 4ab + 2c(a + bJ 

Suy ra : P > 1 khi a = b = l;c = 0 

Cau 166: Cho 3 so' there derong a, b, c thoa man: (a + c)(b + c) = 4c 2 . Tim gia tri nho nha't cua bieu 
4a 4b 2ab Va 2 +b 2 


there sau: P = - 


b + c a + c c 2 


Truong THPT Chuyen Bien Hoa - Phu Tho - Lan 2 


Lai gidi tham khdo 


co: ^ 


Ter gia thie't ta co: — +1 — +1 = 4. 


p _ 4a + 4b 2ab + Va 2 +b 2 _ 4 c + 4 c 2 a ^ + 
b + c a + c c 2 c b +1 a +1 e'e 


M 


(b 


Dat - = x; — = y 
c c 

t? — 4x . 4 y 


x,y >0 fo < xy < 1 

=>x + y + xy = 3=>i 

(x+l)(y+l) = 4 [x + y<2 




x +y =7-5xy + 


^( x yf- 


y+ 1 x 

= 7-5t-Vt 2 -8t + 9 =f(t) voi t = xy (0<t<l). 


8xy+ 9 


Ta co: f'(t) = -5 + , = = = < 0 voi 0 < t < 1. 
v ; Vt 2 -8t + 9 

=> Ham so' f (t) nghich bien tren (0; l]. 

p «.=f(‘k=f(i)=2-^- 

Da'u "=" xay ra khi a = b = c. 
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Cau 167: Cho a,b,c la ba so thirc duong va thoa man: a + b + c = ^. Tim gia tri Ion nhat cua biSu thiic: 

P | ( a + b )( b+c ) 

(b + c)(c + a) I (a + c)(a + b) 

V (a + b)(b + c) + a + c v 

(b + c)(c + a)+a + b ' \]( a+c)(a + b)+b + c 

Truong THPT Nguyen Sy Sach - Lan 2 


Lai gidi tham khdo 


Bat: x = a+b,y = b+c,z = c + a=>x+y+z = l 


1 *y _ 

j 

V 

y xy + z t 

|(x + z )(y + z) 2^x+z y+zj 


, , 3 1 

Vay : P lan nhat bang — dat duoc khi a = b = c = — 
2 ' 6 


Cau 168: Tim gia tri lan nhat, gia tri nho nhat cua bieu thiic P = 5 2x + 5 y , biet rang 0 <x',y va x + y = 1 

Truong THPT Quynh Luu 2 - Nghe An - Lan 1 


4 


Lai gidi tham khdo 

Tir gia thiet va dieu kien cua x, y ta co : y = l-x va 0 < x < 1 
Ta co P = 5 2x + 5 y = 5 2x + 5 1_ * 

Bat t = 5 X l<t<5. Taco P = t 2 + ^\ P' = 2t-^ P’ = 0ot = ffc 
P(l)=6, P(5)=26, |] +5>| 


I 


Cau 169: Cho a,b,c la cac so' there khong am thoa man a 2 b 2 +c 2 b 2 +1 < 3 b. Tim gia tri nho nhat cua 

u- , 1 ' n 1 4 ^ 2 8 

bieu there P = 


(a +1) 2 (1 + 2 bf (c + 3) 2 


Truong THPT - Trieu Son 1- Thanh Hoa - Lan 2 
Lai gidi tham khdo 
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Ta co: P =- T 

a + 1) 


4 b 2 

(1 + 2 bf 


8 

(c + 3f 


1 1 8 

( a+ 1 ) !+ (J_ + 1 J + ( c+3 ) 2 


b 


khi do ta co: ab 2 +c 2 b 2 +1 < 3 b tro thanh a 2 +c 2 +d 2 < 3 d 


Matkhac: P = - T 

(a + l) 2 



8 ^ 8 8 

( c+3 ) 2 "^ + | +2 J + ( c+ 3) 2 


64 256 


d (2a + d + 2c + 10) 2 

a + —+ c + 5l v ’ 


- Ma: 2a+4d+2c<a 2 +l+d 2 +4+c 2 +l = a 2 +d 2 +c 2 +6<3d + 6 


Suyra: 2a+d + 2c<6 


- Do do: P > 1 nen GTNN cua P bang 1 khi a = \,c = l,b = — 


Cau 170: Cho x, y la hai so" there duong thoa man 2x+3y < 7 .Tim gia tri nho nhat cua bieu there 
P = 2xy+y + yj5(x 1 + y 2 )-24^8(x + y)- (x 2 + y 2 +3) 

Truong THPT- Tuong Duong - Nghe An - Lan 1 


Leri gidi tham khao 

Taco 6(x + lXy+l) = (2jr + 2)(3y + 3)<^ 2x + 2 ^ 3}; + 3 j <36^x + y + xy <5. 

Ta co 5(x 2 + y 2 ) > (2x + y ) 2 => yjS(x 2 + y 2 ) >2x+y va 

(x + y - 3) 2 = x 2 + y 2 + 9 + 2xy - 6x - 6y > 0 2(x + y + xy + 3) > 8(x + y) - (x 2 + y 2 + 3) 

Suyra p ^ 2 (*y + *+;y)-24^2(x + y-i-xy + 3) 

Dat t = x + y + xy, le(0;5] , P> f(t) = 2t-24^j2t + 6 


Ta co f(t) = 2- 


= 2 ^g-8 <0Vts(0;5] 


3?J(2t + 6) 2 $2t + 6) 


=> ham so f(t) nghich bien tren nua khoang (0; 5]. 
Suyra min/(t) = /(5) = 10-48^/2 
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Vay min P =10 -48 ijl. 




Cau 171: Cho a,b,c> 0 thoa man ab+bc+ca = abc. Tim gia tri nho nhat cua bie’u there: 
p _ Jb 2 +3a 2 | yjc 2 +3b 2 | yla 2 +3c 2 
ab be ca 

Truong THPT Van Giang - Lan 1 


Lai gidi tham khao 


Vietlai 



Suyra: P = |m| + |n| + |p| 


Tac6:m + S + p=^ + i + i;V3[i + i + i]j 

Ter gia thie't taco —H-h - = 1 nen m+n+p = ( 1; V3) =>\m + n + p\ = 2 

abc \ I ' 1 

Ta co danh gia: |m| + |n| + |p| > |m + n + /?| = 2 

Dau dang there xay ra chang han khi a =b = c = 3 thoa man dieu kien daubai. 


Vay mini 5 = 2 

Cau 172: Cho a,b,c la ba so' there derong thoa man dieu kien : a 2 +b 2 +c 2 +4abc = . Tim gia tri 

,, . A , , , „ 1 + 4 {ab+bc + ca) 

Ion nhat cua bieu there P - - 

a+b + c + 4abc 

Truong Trung tam GDTX Van Ninh - Khanh Hoa - Lan 1 
Lai gidi tham khao 


Voi a, b,c la 3 so' duong, ta luon co: 
a 2 +b 2 +c 2 >ab+bc+ca va a + b + c> 3^1abc 
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Nen: P < 


1 + 4 (a 2 +b 2 +c 2 ) 
3yfabc + Aabc 


2-16 abc 
3 yjabc + 4 abc 


( 1 ) 


Mat khac : 



4 


Dat t = y/abc(t >0). Ta co : --4 t 3 >3 1 2 <=>16t 3 +12 1 1 -1<0<=> < 0<=>t <-. Vay 

4 4 2 4 3 



Do do ter (1) ta co : P < f{t) = - 


+ ; 0 ; 


f’(t)= + 2 + ^ < 0,Vf e f();—~| =>ham /(t)nghichbien tren f(); — 

(3 1 + 41 ) v 4 J \4_ 


Do do P < min f(t ) = /(-) = — 
J Q: i 4' 13 


Vay GTLN cua P la — dat deroc khi a = b = c = - 
13 ' 4 


Cau 173: Cho cac so' there derong x,y,z thoa x+y+z = 3. Tim gia'tri nho’nhat c ua bieu there 


x y + y z + zx 


Trirdng Trung tarn GDTX Van Ninh - Khanh Hoa - Lan 2 


Lai gidi tham khao 

Ap dung BDT TBC-TBN cho hai so' derong, ta co 

x 3 + xy 2 > 2 x 2 y, y 3 + yz 2 > 2 y 2 z, z 3 + zx 2 > 2z 2 x. 

=>x 3 + y 3 + z 3 > 2(x 2 y + y 2 z + z 2 x) - (xy 2 + yz 2 + zx 2 ) (l) 


Mat kha'c, do x+y + z = 3 nen 

3(x 2 + / + z'-) = {x + y + z)(x'- + y-+z-) 

= x 3 + y 3 + z 3 + (x 2 y + y 2 z + z 2 x) + (xy 2 + yz 2 + zx 2 ) (2) 


VI CONG DONG - THAY TAI - 0977.413.341 


121 













Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


TAI LIEU LUYEN THI THPT QUOC GIA | 2016 

Ter (1) va (2), ta co x 2 + y 2 + z 2 > x 2 y + y 2 z + z 2 x. 


x + y~ + z 

Ta co' ( x+y + z ) 2 = x 2 + y 2 + z 2 +2(xy + yz + zx). 

9 — t 

Dat t = x 2 + y 2 + z 2 xy + yz + zx = -y ■ 

^ , (x+y + z) 2 

Do x +y +z > --—— =>t>3 

9 -t 2t 2 -t + 9 

Khido P>t+—,t>3oP>- - —,t>3 

It 2 1 

o t 2 —t+ Q 

Xet ham so' f(t) = ---, tren [3; +oo). 

Lap bang bie'n thien, ta co ham f dong bie'n tren [3;+oo). 
3f>.»f(l)=/(j) = 4 . 

Ke't luan dupe : min P = A<=>x = y = z. = l. 


Cau 174: Cho x,y,ze [0; 2] thoa man x + y + z = 3. Tim gia tri nho nhat cua bieu there 


x +y +2 y +z +2 z 2 +x 2 + 2 


Trirbng THPT Xuan Trircmg - Nam Dinh - Lan 1 


Lai gidi tham khao 

Ta co x 2 +y 2 +2 = (* 2 +l) + (>’ 2 +l)> 2(x + y),....', <Jxy < X-V ^ + \ ... 

XT * „ iT i i i J 

Nen P< —-1-1- \-xy+ yz + zx + 3 . 

2\_x+y y + z z + x J 

Ta co (x+y + z)(xy + yz + zx)>9xyz 

=> (x + y)(y + z)(z + x) = (x + y + z)(xy + yz + zx)-xyz > + y + z)(xy + yz + zx) 
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11 1 

x+y y+z z+x 


(x + y)(y + z) + (y + z)(z + x) + (x+y)(z + x) 
(x+y)(y + z)(z + x) 

_ (x + y + zf + xy + yz + zx 
(x + y)(y + z){z + x) 


(x + y + zf+xy + yz + zx _ 27 3 

-^(x+y+z)^, + y Z + Zx)~ g (v + yZ+Zx) + S 


Suyra P < — 


2 [8 (xy+yz + zx) 


27 

+ xy + yz + zx + — 


Dat t = xy + yz + zx. 

Do x,y,ze[0-,2]^(2-x)(2-y)(2-z)>0oxy + yz + zx> 4+ ^ yZ >2^t>2 


Matkhac: xy+yz + zx<-(x+y + z ) 2 = 3=>t<3. Vay t e[2;3] 


Ta co P<-\— + t + —} = f(t) 

2\_St 8 J W 


Xet ham so' f(t ) voi fe[ 0;2] ta co /’(?) = > 0 Vt e [2;3] nen ham so' f(t ) 

dong bie'n tren [2; 3]. ^> / (r) < / (3) = ^. 


Do P<f(t)^P<j.Co P = ~^ khi x = y = z = l- 
Vay gia tri nho nha't cua P la ^ dat duoc khi x = y = z = 1. 


Tai lieu khong the trdnh duac nhung loi cdc ban vui long kiem 
tra vd sua nhe l 

Chia se vi cong dong; hay gop cho nhau 1 chut de dat gia tri lom 
lao horn ... thanks 
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